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Abstract

This thesis comprises two parts whose unifying thread is the concept of categorical
density. The overarching theme is understanding what structure and properties
of a category can be extended to a larger category inside of which the first one
sits.

The first guise this idea takes is as a categorical generalisation of the concept of
density for metric spaces. Following Lawvere’s insight, which sees a metric space
as a category enriched in the quantale of nonnegative reals, we study the enriched
functors corresponding to maps whose image is topologically dense. These are
the Cauchy dense functors. We explain how fully faithful Cauchy dense functors
are intimately linked to Morita equivalence. We also give characterisations of
Cauchy density in several contexts, and study the case of Cauchy dense functors
between one-object enriched categories, i.e. monoids.

The second, and more substantial, undertaking of this thesis is investigating
the construction of pushforward monads introduced in Street’s formal theory
of monads. Pushforward monads give a universal way of transporting a monad
along a functor subject to the existence of a right Kan extension. They generalise
codensity monads, which are the pushforwards of identity monads.

We study the properties of pushforward monads in a 2-category. In the 2-
category of categories, pushforwards along a fully faithful functor are an impor-
tant case, because the induced functor between categories of monads is itself fully
faithful and has a partial left adjoint. In particular, every monad on a suitable
full subcategory is the restriction of a monad on the entire category.

This highlights the question: if a monad T admits a lift along a functor
G, what is the pushforward of this lift? We argue that the resulting monad
deserves to be thought of as a generalisation of the composite monad induced by
a distributive law of the codensity monad of G over T . We give conditions for
when the pushforward is in fact the (weak) composite of such a (weak) distributive
law.

Finally, we provide numerous examples of pushforward monads. These include
pushforwards along the inclusions of the category of finite sets into that of all sets,
of the category of fields into that of commutative rings, and of the category of
finite families in a category into that of all families.
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Lay Summary

A category is a mathematical device which consists of a collection of ‘things’
called objects and information on how these objects relate to each other. These
relations cannot be entirely arbitrary: the way that A relates to B, together
with the way that B relates to C, influence the way that A relates to C. The
most fundamental example of a category is that whose objects are sets and where
the information of how A relates to B is the collection of functions from A to
B. Almost eerily, the idea of a category turns out to accurately describe the
behaviour of many ‘things’ across mathematics. This gives a common ground to
such different fields as algebra, topology and geometry.

Since categories emphasise the importance of relations between objects, it is
natural to ask in what ways two categories can be related. This gives the notion
of a functor from a category A to a category B, which assigns an object of B to
each object of A preserving those relations in A.

A monad is a gadget one can attach to a category which allows for the consid-
eration of objects equipped with some kind of structure. For example, a certain
monad might bring into focus those objects of a category which admit a notion of
addition, such as the set of integers Z in the category of all sets. In the language
of category theory, we say that Z is an algebra for that particular monad.

Now suppose that we have two categories A and B, a functor G between
them, and a monad T attached to A, i.e. a kind of structure that the objects
of A can carry. What kind of structure can the objects of B carry which would
make them most closely resemble the algebras for our monad T? The answer
is given by the pushforward of the monad T along the functor G. This is the
canonical monad generated by T which can be attached to B through G. It
might be quite a complex monad, but the fact that it is generated by T provides
a first step to understanding it. As an example, we could ask: what structure
can sets carry which would make them most closely resemble finite sets? The
answer turns out to be the structure of a particular kind of continuous space,
called a compact Hausdorff space. This is remarkable, because finite sets are far
from being representative examples of compact Hausdorff spaces such as spheres
or tori.

In this thesis, we study the construction of pushforward monads in various
levels of generality. We use it as a tool to prove properties about complex monads
from simpler monads which generate them. We show how several important
monads are in fact generated as pushforwards. Separately, we also consider a
particular way in which two categories can be closely related, called a Cauchy
dense functor, which is itself inspired by the topological notion of a dense subset.
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Chapter 1

Introduction

Kan extensions are a ubiquitous tool in category theory. They provide universal
answers to the question: how can a functor A → C be extended along a functor
A → B to a functor B → C? This simple question, when considered in the right
contexts, is able to encapsulate surprising amounts of category theory, prompting
Mac Lane to famously argue that ‘all concepts are Kan extensions’ [48, §X.7].
It is therefore natural that most of the contents of this thesis depend on this
construction.

We will use Kan extensions to understand what structure on a category B is
actually determined by, or can be induced by, structure on a category A through
a functor A → B. The actual structure in question will shift throughout the
thesis. In Chapter 3 on Cauchy density, the structure we consider is that of a
functor into a third category C. In Chapters 4, 5 and 6 on pushforward monads,
the structure will be that of a monad on A.

1.1 Cauchy density
Among Hausdorff spaces, a continuous map f : A → B whose image is dense
is an epimorphism: two continuous maps g, h : B → C which agree on a subset
must also agree on its closure. One can transfer this topological idea into category
theory using Lawvere’s insight of viewing metric spaces as enriched categories [43].

He realised that a category X enriched in the monoidal poset of nonnegative
extended reals R+ = ([0,∞],≥,+, 0) ought to be thought of as generalised metric
space. Indeed, to each pair of points a, b ∈ X, one assigns a distance X(a, b) ∈ R+

from a to b. Composition corresponds to the triangle inequality

X(a, b) +X(b, c) ≥ X(a, c),

and identities give X(a, a) = 0. This notion differs from that of a classical
metric space in the sense that distances may be infinite (because ∞ ∈ [0,∞]),
different points might be distance 0 apart, and, most importantly, distances may
not be symmetric (X(a, b) ̸= X(b, a) in general). An R+-enriched category is
commonly known as a Lawvere metric space. An R+-functor is a short map of
metric spaces, also called a distance-decreasing or 1-Lipschitz map, i.e. a function
f : X → Y such that X(a, b) ≥ X(fa, fb).
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Note that R+ is good base for enrichment because it is a complete and cocom-
plete, symmetric monoidal closed category. Such a category is commonly called a
Bénabou cosmos. Lawvere specialised many concepts of enriched category the-
ory to the R+ case to recover important notions of metric geometry. For instance,
the Yoneda embedding becomes the isometric embedding of a metric space X into
the space of R+-valued short maps with the sup metric, and the space of closed
subsets of X equipped with a nonsymmetric version of the Hausdorff metric is
naturally a subspace of the space of presheaves on X.

Through this programme, Lawvere highlighted that many of the basic notions
of metric geometry did not depend on the axioms of a classical metric space
beyond those of a Lawvere metric space, i.e. finiteness, separation and symmetry.
Thus, enriched category theory can help inform metric geometry. Perhaps more
importantly, though, he showed that this relationship extends both ways: metric
geometry can help inform enriched category theory.

The foremost example of this is his categorical characterisation of the comple-
tion of a metric space X, i.e. the set of equivalence classes of Cauchy sequences
in X. He showed that this is exactly the completion of X under those R+-
colimits weighted by an absolute weight. This notion makes sense regardless of
the base of enrichment, and gives the definition of the Cauchy completion C
of a V-category C. This process turns out to be extremely meaningful: if V is a
Bénabou cosmos and A and B are small V-categories, then [Aop,V ] ≃ [Bop,V ] iff
A ≃ B. A proof can be found e.g. in Kelly’s book [33, Prop. 5.28].

As well as the completion of a metric space, Lawvere generalised the notion
of a short map with dense image (in the topological sense) to V-functors. A
V-functor F : A → B is Cauchy dense if the map

∫ a∈A
B(Fa, b′)⊗ B(b, Fa) B(b, b′) (1.1)

induced by composition in B is an isomorphism for all b, b′ ∈ B. The reader
familiar with V-profunctors will recognise this as the condition that the counit of
the profunctor adjunction F∗ ⊣ F ∗ be invertible. Lawvere called such functors V-
dense, but the word dense has since taken a different (although related) meaning
in category theory. Because of this, we use the term ‘Cauchy dense’ instead,
following Day [17, p. 428].

Because of the added categorical structure, Cauchy dense functors are not
quite epimorphisms of V-categories, as is the case for classical metric spaces.
Instead, they are the cofully faithful 1-cells of the 2-category V-Cat, also called
lax epimorphisms, i.e. those V-functors F : A → B such that precomposing with
F is a fully faithful (ordinary) functor V-Cat(B, C) → V-Cat(A, C) for all C. In
fact, Lucatelli Nunes and Sousa [47, Thm. 5.6 and 5.11] showed:

Theorem. Let V be a Bénabou cosmos. The following are equivalent for a V-
functor F : A → B between small V-categories:

(i) F is Cauchy dense;

(ii) F is cofully faithful in V-Cat;
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(iii) the V-functor [F, C] : [B, C] → [A, C] is fully faithful for all C;

(iv) F is absolutely dense;

(v) F is absolutely codense.

For a functor F to be absolutely dense means that (1B, 1F ) is a pointwise
left Kan extension of F along itself and, moreover, that this extension is preserved
by any V-functor. If (1B, 1F ) is an absolute right Kan extension instead, then F is
absolutely codense. It follows, in particular, that every Cauchy dense functor
is dense and codense.

In Chapter 3, we revisit this result and study the properties of Cauchy dense V-
functors. We provide a streamlined proof of the theorem above using the proarrow
equipment (−)∗ : V-Cat → V-Prof (Theorems 3.1.6 and 3.1.8). Restricting to the
fully faithful Cauchy dense functors, we obtain a universal property of the Cauchy
completion of a small V-category A: it is the largest V-category that admits a
fully faithful Cauchy dense functor from A. (Theorem 3.2.5). For V = R+, this
recovers the fact that the completion of a space X is the largest space into which
X embeds isometrically as a dense subset. This is analogous to a result by Avery
and Leinster [8, Cor. 8.3 and Thm. 8.4] which gives a similar characterisation of
the reflexive completion R(A) of a small V-category A as the largest category
into which A admits a fully faithful, dense and codense functor.

In turn, this gives a characterisation of fully faithful Cauchy dense functors
akin to that in part (iii) of the theorem above: a V-functor F : A → B is fully
faithful and Cauchy dense iff [F, C] : [B, C] → [A, C] is an equivalence for every
Cauchy complete C (Theorem 3.2.7). This result is essentially already present
in work of Lucatelli Nunes, Prezado and Sousa [53, Thm. 2.5], but was obtained
independently by the author.

The remainder of Chapter 3 focuses on studying the behaviour of Cauchy
dense V-functors for a number of V . An important special case is given by
Cauchy dense maps of monoids, seen as one-object V-categories. For V = Set
and V = Ab, we show that they are exactly the epimorphisms of monoids. This
does not hold in general however, and we provide a counterexample where V is
the category of finitary endofunctors of Set.

Lastly, we study whether the Cauchy density condition can be simplified to
only requiring that the map (1.1) be invertible when b = b′. We show that this is
possible when V is a preorder, as is the case for V = R+, or when F : A → B is
split-full (Definition 3.2.2).

1.2 Pushforward monads
The second and more substantial part of this thesis focuses on the construction
of pushforward monads. These were introduced by Street in his formal theory of
monads [58], but have received little attention since. In Chapters 4, 5 and 6 we
undertake an extensive study of the properties of this construction, its relation
to other important notions in the theory of monads (such as distributive laws),
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and several examples of it. Chapter 4 and some parts of Chapter 6 are based on
the article [24] published by the author.

Monads are a central notion in category theory which have enjoyed many
applications in fields such as homological algebra, universal algebra and pro-
gramming language semantics. For our purposes, we will mostly view them as an
instrument for categorical universal algebra. We now give an overview of their
role as such, building up to the motivation for the study of pushforward monads.

From algebraic theories to monads Classical universal algebra is concerned
with structures defined by a set of abstract finitary operations subject to a set of
universally quantified equations involving these operations. The classic example
is the theory of groups, which can be presented by a binary operation m, a unary
operation i and a nullary operation (i.e. a constant) e, subject to the universally
quantified equations

m(x1,m(x2, x3)) = m(m(x1, x2), x3),
m(e, x1) = x1 = m(x1, e),

m(i(x1), x1) = e = m(x1, i(x1)).

Such a theory gives a notion of model: a set equipped with operations interpreting
the abstract operations in the theory and satisfying all the equations. A model for
the theory above is, of course, a group. Importantly, a theory also gives a notion
of model homomorphism, which in our example is just a group homomorphism.
The category of models and model homomorphisms T-Mod for a theory T has a
forgetful functor UT : T-Mod → Set, which is always monadic.

Thus, every theory T gives a monad on Set whose category of algebras is
T-Mod. If all the abstract operations of T have finite arity, as in the example of
groups above, then the corresponding monad is finitary, i.e. it preserves filtered
colimits. In fact, there is a one-to-one correspondence between finitary theories
and finitary monads on Set. Thanks to this, one obtains finitary monads on Set
whose algebras are traditional objects of study in algebra: monoids, groups, rings,
modules, Lie algebras, etc.

An analogous correspondence holds if the arity of the abstract operations in
T is always less than some fixed regular cardinal κ: such theories correspond to
monads on Set which preserve κ-filtered colimits. In general, however, not every
monad on Set is induced by a theory with operations bounded by some cardinal. A
good example of this is the theory of suplattices (or complete join-semilattices):
to present it one needs an abstract operation of each possible arity α, which
correspond to taking the supremum of a subset of cardinality α. The framework
of monads on Set allows one to speak of theories which do not have a set of
operations, but rather a proper class, so long as the operations of any given arity
do form a set. Such monads are said to have no rank and are significantly less
well-behaved than those arising from theories with bounded arities, but allowing
them vastly increases the number of categories which are considered algebraic,
i.e. which admit a monadic functor to Set.

On the other hand, it should be noted that some theories are too large to
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correspond to monads on Set. These are the theories with a proper class of
operations for some fixed arity. The classical example of this is the theory of
complete lattices, which has a proper class of ternary operations (see Johnstone’s
book [31, §I.4.7]).

The operations of a monad One way to understand monads on Set as theo-
ries is by considering their operations. If T is such a monad and n is a finite set,
then Tn is the set of n-ary operations of the corresponding theory. Indeed, for
any T -algebra (A,α), each θ ∈ Tn gives a map An → A: the composite

An = Set(n,A) Set(Tn, TA) TA A.T evθ α

Each such θ does not just give a concrete operation for each T -algebra, but these
combine into a global operation on the whole category of algebras, because every
T -algebra map must commute with the operation induced by θ. Explicitly, each
θ ∈ Tn gives a natural transformation (UT )n → UT where UT : SetT → Set is the
forgetful functor and (UT )n is its (objectwise) n-th power. In fact, we have

Tn ∼= [SetT , Set](SetT (F Tn,−), UT ) ∼= [SetT , Set]
(
(UT )n, UT

)
by the Yoneda lemma, because (UT )n is the functor represented by F Tn, where
F T : Set → SetT is the free T -algebra functor. This makes sense even if n is not
finite, so that we can speak of operations of arbitrary arity. The data of the
monad T hence contains that of the n-ary operations for each not-necessarily-
finite set n. Once the set of n-ary operations is given for each n, what remains to
specify the monad T , i.e. the functor structure, the unit and the multiplication,
is exactly what it takes to specify how operations of different arities compose
together to form other operations.

The passage from finitary monads to all monads on Set is partially reversible.
Formally, the fully faithful inclusion MndfSet ↪→ MndSet of the category of finitary
monads on Set to that of all monads on Set has a right adjoint (−)f . This is
because the inclusion J : FinSet ↪→ Set is the free cocompletion of FinSet under
filtered colimits, so that a functor F : Set → A preserves filtered colimits iff it
is the left Kan extension LanJ FJ of FJ along J . The coreflection (−)f then
sends a monad T on Set to the filtered-colimit-preserving endofunctor LanJ TJ
equipped with an induced monad structure. From the operations point of view,
this process simply remembers the finitary operations of T , and generates the
higher-arity operations in terms of those. We call T f the finitary part of T .

The theory induced by a functor Given a category over Set, i.e. a functor
G : A → Set, one can ask to what extent A is algebraic. If G has a left adjoint
F : Set → A, then it induces a monad GF on Set and a comparison functor
K : A → SetGF over Set. This functor measures the failure of G to be monadic:
K is an equivalence iff G is monadic. In fact, UGF is the monadic reflection
of G, in the sense that for any monad T on Set and functor H making the left
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diagram commute, there exists a unique functor Ĥ making the right one commute:

A SetT

Set,

H

G UT

SetGF SetT

Set.

Ĥ

UGF UT
(1.2)

If G does not have a left adjoint then it cannot be monadic. We can however
still look for the theory it induces by finding its monadic reflection. Taking the
operations point of view, the n-ary operations that G admits form the collection
TGn of natural transformations [A, Set](Gn, G). Note that in general this may be
a proper class, in which case there is no hope to have T extend to an endofunctor
of Set, let alone a monad. If nevertheless each TGn is a set, e.g. if A is small, then
they assemble into a monad TG on Set for which UTG is the monadic reflection of
G in the sense above. This is the codensity monad of G. One can also consider
the finitary part (TG)f of TG, which we will call the finitary codensity monad
of G. In this case, U (TG)f is the finitary monadic reflection of G, i.e. it satisfies the
analogous universal property in (1.2) with respect to finitary monadic functors.

If G is a right adjoint, then its codensity monad is GF . Thus, the forgetful
functor U : Grp → Set induces, unsurprisingly, the theory of groups, as does
its restriction to the full subcategory on the free groups. In fact, if we are only
interested in the finitary operations, we can further restrict to the full subcategory
of finitely generated free groups Grpffg. Let D : Grpffg ↪→ Grp be the corresponding
inclusion and V = UD. The finitary theory induced by V is again the theory of
groups. Indeed, for a finite set n,

T V n = [Grpffg, Set](V n, V ) ∼= [Grpffg, Set](Grpffg(Fn,−), V ) ∼= V Fn

by the Yoneda lemma, where F : FinSet → Grpffg is the free group functor. The
reader familiar with Lawvere theories will recognise Grpffg as the opposite of the
Lawvere theory of groups. In fact, the same argument shows that for any finitary
monad T on Set, the finitary codensity monad of the forgetful functor SetTffg → Set
is again T .

For another example, let 2 : 1 → Set be the functor from the terminal category
whose image is the two-element set 2. The finitary theory induced by this functor
is commonly called the complete theory on the set 2. Its n-ary operations are
all the functions 2n → 2, which give the theory of Boolean algebras (see e.g.
Lawvere’s thesis [42, §III.1 Ex. 4]). The codensity monad of 2 is the double
powerset monad, whose category of algebras is that of complete atomic Boolean
algebras, equivalent to Setop.

Lastly, consider the inclusion J : FinSet ↪→ Set. The finitary theory it induces
is trivial, since FinSet = Setffg. If we also consider the operations of J of infinite
arity, however, we get a very different theory. Indeed, the codensity monad of J
is the ultrafilter monad, as shown by Kennison and Gildenhuys [37, p. 341]. Its
category of algebras was identified as the category CHaus of compact Hausdorff
spaces and continuous maps by Manes [50, Prop. 5.5]. This gives a surprisingly
simple universal algebraic explanation for the importance of compact Hausdorff
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spaces: they are the algebras for the theory induced by finite sets.

Monads on other categories Considering monads on other categories other
than Set allows one to speak of algebraic structure carried not by sets, but by
objects of an arbitrary category C. For instance:

• Categories are graphs equipped with algebraic structure, since the functor
Cat → Graph sending a category to its underlying graph is monadic. This
well-known fact is proved e.g. by Barr and Wells in [9, p. 105]

• Banach spaces are complete metric spaces equipped with algebraic struc-
ture, since the functor Ban1 → CMet1 sending a Banach space to its closed
unit ball is monadic by Rosický’s [54, Thm. 4.1].

• Finitary monads on Set are finitary endofunctors equipped with algebraic
structure. This is true more generally for finitary monads on a locally
finitely presentable category, as proved by Lack [38].

The interpretation of monads as theories determined by their operations is
not immediately available in this setting (unless one asks for a strong monad
on a closed category). However, one can still define the monad induced by a
functor G : A → B, i.e. the codensity monad TG of G. Instead of considering
sets of natural transformations between powers of G, we define TG = RanGG. If
B = Set, this agrees with the previous definition whenever the Kan extension is
pointwise. When TG exists, we still have that UTG is the monadic reflection of G
in the sense of (1.2) when Set is replaced by B. If B is locally finitely presentable,
we can also speak of the finitary codensity monad of G. As in the B = Set case,
this is the image of TG under the right adjoint to the inclusion MndfB ↪→ MndB.

Pushforward monads Suppose now that, in addition to a functor G : A → B,
we have a monad T on A. Pushforward monads give a universal answer to
the problem of transporting the monad T along the functor G. If RanGGT
exists, then it has a canonical monad structure induced by T , which we call the
pushforward of T along G and denote by G♯T . Chapter 4 is devoted to the
properties of this construction, both in the generality of monads in a 2-category
and in the important case of monads in CAT.

In terms of monadic functors, UG♯T is the monadic reflection of GUT , so that
G♯T is the codensity monad of the composite

AT A B,UT G

by Corollary 4.1.9. Therefore, pushforward monads are subsumed by the con-
struction of codensity monads, at least in a 2-category which admits the con-
struction of algebras in the sense of Street [58, p. 151]. On the other hand, the
codensity monad of G is recovered as the pushforward of the identity monad.

One of the main reasons to study pushforward monads is that, beyond be-
ing examples of codensity monads, they carry a functorial structure. When all

7



pushforward monads along G : A → B exists, they assemble into a functor

G♯ : MndA MndB

by Lemma 4.1.4. If G is fully faithful, then so is G♯, and in fact it admits a
partial left adjoint defined for those monads on B which restrict along G (Theo-
rem 4.3.11). In particular, the category of monads on a small full subcategory A
of a complete category B is a full subcategory of the category of monads on B.
If G : Bfp ↪→ B is the inclusion of the full subcategory of finitely presentable ob-
jects of a locally finitely presentable category, then there is another fully faithful
functor MndBfp ↪→ MndB which sends T to LanGGT . This less general inclusion
is compared to the one given by pushforwards in Remark 4.3.16.

The existence of the partial left adjoint to G♯ will follow from our work in
Section 4.2, which gives an alternative universal property that pushforwards along
G : A → B satisfy with respect to G-determined monads on B, i.e. those
monads T on B which are isomorphic to RanG TG. This generalises a result of
Adámek and Sousa [3, §6], by showing that if G is fully faithful, the codensity
monad of G is the smallest G-determined submonad of a number of G-determined
monads on B (Example 4.3.15(ii)).

In Section 4.3.3, we study the connection between codensity monads and free
completions under classes of limits. This allows us to relate codensity monads to
Diers’s multiadjunctions [23, p. 58] and Tholen’s D-pro-adjunctions [61, p. 148].
In particular, we use Diers’s theory to identify the category of algebras of the
codensity monad of the inclusion Field ↪→ CRing as the free product completion
of Field. An alternative explicit proof of this fact was independently discovered
by the author, and is presented later in Section 6.3.

Pushforward monads and weak distributive laws The composite of two
endofunctors is again an endofunctor. However, the composite of two monads
does not carry a canonical monad structure. Distributive laws were introduced
by Beck [10] as a way to specify a monad structure on the composite endofunctor.
Let T and S be monads on a category A. A distributive law of T over S is a
natural transformation δ : TS → ST satisfying certain compatibility conditions
with the units and multiplications of T and S (Definition 2.3.11).

Given such a δ, the endofunctor ST can be equipped with a monad structure
with unit and multiplication given by

1A ST
ηSηT and STST S2T 2 ST.SδT µSµT

Moreover, one can define a monad S on AT which lifts S along UT by sending
the T -algebra (A,α) to SA equipped with the T -algebra structure map

TSA STA SA.
δA Sα

In fact, Beck showed that distributive laws are in bijection with

(i) monad structures on ST such that ηST : T → ST and SηT : S → ST are
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monad maps, and satisfying the middle unitary law (Theorem 2.3.13);

(ii) monad lifts S of S along the monadic functor UT : AT → A (Theo-
rem 2.3.14).

In the context of pushforward monads, it is natural to relax (ii) to a lift S of
a monad S along an arbitrary functor G : A → B. The pushforward G♯S always
comes equipped with two monad maps G♯1 → G♯S and S → G♯S, where G♯1
is the codensity monad of G, satisfying an analogue of the middle unitary law.
This situation is formally similar to (i), and leads to the natural question: when
is G♯S the composite monad induced by a distributive law of G♯1 over S?

This question is investigated in Chapter 5. The answer is affirmative when S
preserves the right Kan extension of G along itself. In fact, in many cases this
suffices to prove that there exists a unique distributive law of a given codensity
monad over another monad (Theorem 5.1.5). Conversely, this characterisation
can also be used to give a simple condition for the nonexistence of a distributive
law of the same type (Proposition 5.1.8).

In general, asking that G♯S be the composite induced by a distributive law
is quite a strong requirement. Because of this, we also study the case of weak
distributive laws, as introduced by Böhm [14] and Garner [28]. In fact, we find
that the notion most closely related to G♯S is that of a π-weak distributive law of
G♯1 over S (Definition 5.2.3). These are more general than the weak distributive
laws of Garner. It follows from Böhm’s work that, subject to the splitting of
certain idempotents, π-weak distributive laws of T over S correspond to certain
weak monad lifts of S along UT . We give an alternative characterisation of them
in terms of the ‘weak composites monads’ they induce in the spirit of (i) above
(Theorem 5.3.2). This is then refined in Theorem 5.3.4 to also give an analogous
characterisation of weak distributive laws.

This is then applied in Section 5.4 to study when the pushforward of a lifted
monad is the weak composite given by a π-weak distributive law (Theorem 5.4.4).
In Section 6.1.1, we use this result to recover Garner’s weak distributive law of
the ultrafilter monad over the powerset monad on Set [28, §5.1].

Examples of pushforward monads No formal theory is complete without
a collection of examples illustrating its relevance. Chapter 6 does this for the
theory of pushforward monads developed in the previous two chapters.

The first source of examples is given by monads on FinSet and their push-
forward along J : FinSet ↪→ Set. In Section 6.1, we compute the pushforward
along J and the corresponding category of algebras of several natural families of
monads. Recall that the codensity monad of J is the ultrafilter monad. Many of
these pushforwards along J turn out to be composite monads induced by unique
distributive laws under the ultrafilter monad. This is the case, e.g. for the excep-
tion monad − + E for a finite set E (Example 6.1.8) and the free M -set monad
for a finite monoid M (Example 6.1.9).

The case of the powerset monad is particularly interesting. We prove that its
pushforward along J is the filter monad (Theorem 6.1.14), and that it is the weak
composite of a π-weak distributive law of the ultrafilter monad over the powerset
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monad (Theorem 6.1.18). This also allows us to show that there is no distributive
law of the ultrafilter monad over the finite powerset monad (Proposition 6.1.19).

Finally, we prove that, with two trivial exceptions, the pushforward of a monad
along J is never finitary. In fact, it has no rank (Theorem 6.1.24).

In Section 6.2, we consider an example of a pushforward along the inclusion
J : FinFam(E) → Fam(E) of the free finite coproduct completion of a category
E into its free coproduct completion. Leinster [45, Thm. 8.5] showed that the
codensity monad of J is the ultracoproduct monad. When E = (SetT )op for
some finitary monad T , this gives the ultraproduct construction of model the-
ory. We give a formula for the pushforwards of monads lifted along a (cloven)
Grothendieck fibration (Proposition 6.2.2). The particular example we study is
that of a lift of the powerset monad along the fibration FinFam(E) → FinSet for
a category E with coproducts and cofiltered limits. The resulting pushforward
along J is then a lift of the filter monad on Set; it is the reduced coproduct monad
(Theorem 6.2.5). When E = (SetT )op as above, it gives the reduced product con-
struction of Frayne, Morel and Scott [27].

Section 6.3 gives an explicit proof that the category of algebras of the coden-
sity monad of the inclusion Field ↪→ CRing is Prod(Field), i.e. the free product
completion of the category of fields. Although this was already derived from
results by Diers in Example 4.3.23(i), we believe that the explicit calculation il-
lustrates a general pattern in the theory of codensity monads and their relation
to limit completions. We briefly consider the operations of the corresponding
monad on Set, and show that it has no rank.

Lastly, Section 6.4 studies the special case of pushing forward a monad along
another monad. Since the complexity of calculating RanG greatly increases with
the complexity of G, we only provide examples of the most basic nature. In
particular, we compute the codensity monad and the corresponding category of
algebras of the exception monads −+E on Set, where E is a set. When |E| > 1,
the corresponding category of algebras is equivalent to Prod(Set) (Theorem 6.4.3).
The case of |E| = 1 is special and is treated in Theorem 6.4.10.

Some directions for future work Although this thesis develops both the
general theory and specific examples of pushforward monads, there is much left
to be understood about them. We now list some possible directions for future
work.

• There are many examples of closed bicategories (i.e. bicategories with all
right extensions and lifts), such as Span(C), V-Mat, and V-Prof for suitable
choices of C and V . What does the pushforward process look like in each of
these? Does it recover a well-known construction?

• Left oplax Kan extensions of 2-functors have recently been used by
Tarantino and Wrigley [60] to unrelativise relative pseudomonads. This
process is similar to the one we discuss in Remark 4.3.16 below. Is there a
lax pushforward process for pseudomonads using right lax Kan extensions?

• As discussed at the end of the introduction to Chapter 5, one could in prin-
ciple talk about pushforward monads in the category MND(K) of monads in

10



a 2-category K, i.e. pushforward distributive laws. In practice, this is com-
plicated by the lack of a convenient calculus of extensions in MND(K). One
approach is to consider the locally fully faithful 2-functor MND(K) ↪→ K→

into the arrow 2-category of K, which reflects all extensions. When do
right extensions in MND(K) or K→ exist? What interesting pushforward
distributive laws can be obtained from this construction?

• In Subsection 4.3.3 we review some results by Diers relating multimonadic
functors and codensity monads. Theorem 4.3.22 says that the product-
preserving functor Ĝ : Prod(A) → Set induced by G : A → Set is monadic
iff Prod(G) : Prod(A) → Prod(Set) is monadic and the only cones in A sent
by G to product cones in Set are the trivial ones. Is the analogous statement
for other (sound) limit doctrines true? What happens if one replaces Set
by a category with the relevant limits?
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Chapter 2

Background

This chapter introduces all the necessary notions and notation needed for the
rest of this thesis. Familiarity with basic category theory is assumed, as covered
by the first three chapters of Borceux’s handbook [15], as well as some notions
of enriched category theory. In particular, we use Kelly’s notation for weighted
limits and colimits [33, Ch. 3].

The content presented here is collected from a number of sources. Section 2.1
serves as an introduction to the theory of 2-categories. Many examples are taken
from Lack’s helpful guide to the subject [39]. Section 2.2 focuses on the construc-
tion of extensions in a 2-category in general, and more concretely on Kan exten-
sions of V-functors. We have found that Wood’s proarrow approach pioneered
in [64] gives a gentle 2-categorical account of the latter without involving much
enriched category theory. Section 2.3 summarises the main results of Street’s for-
mal theory of monads [58], which are crucial to all but one chapter of this thesis.
Lastly, Section 2.4 reviews some classical theorems about monads in CAT and on
Set, and introduces several monads which we use as examples.

2.1 Some 2-category theory
Categories, functors and natural transformations are the main object of study
of category theory. Categories and functors assemble themselves into a (large)
category CAT, but this structure alone ignores the natural transformations. Given
two categories A and B, the collection of functors A → B forms itself a category,
denoted by [A,B]. Not only this, but functor composition is a functor

[B, C]× [A,B] [A, C].

This allows us to view CAT as CAT-enriched category; this structure is called a
2-category.

Definition 2.1.1. A (strict) 2-category K consists of

• a collection of 0-cells or objects;

• for 0-cells x and y, a category K(x, y), whose objects are called 1-cells and
whose morphisms are called 2-cells;
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• for 0-cells x, y and z, a functor

K(y, z)×K(x, y) K(x, z)◦

called 1-cell composition;

• for each 0-cell x, an identity 1-cell in K(x, x), denoted by 1x or x;

such that composition of 1-cells is strictly associative and unital, i.e.

(f ◦ g) ◦ h = f ◦ (g ◦ h) and 1 ◦ f = f = f ◦ 1.

For 0-cells x and y in K, we write f : x→ y to mean f ∈ obK(x, y). We will
typically use Latin letters as names for 0- and 1-cells and Greek letters for 2-cells.

There are two basic ways to compose 2-cells in K. If f, g, h : x → y and we
have 2-cells α : f → g and β : g → h, then composition in the category K(x, y)
gives a 2-cell β · α. This is the vertical composite of α and β. If instead
f, g : x→ y and k, l : y → z, and we have 2-cells α : f → g and γ : k → l then the
action of 1-cell composition on morphisms gives a 2-cell γ ◦α : k ◦ f → l ◦ g. This
is the horizontal composite of α and γ. We will often omit the ◦ symbol and
simply write γα : kf → lg. A frequent example of horizontal composition occurs
when either γ or α is an identity. For example, we write the identity 2-cell on f
as 1f or simply f , and obtain the 2-cell γf : kf → lf . This is commonly called
the whiskering of γ and f . Since composition of 1-cells is a functor, it preserves
vertical composition of 2-cells, so that

lα · γf = γα = γg · kα. (∗)

This identity is usually called the interchange law.
A common way to represent 2-cells in a 2-category is using pasting diagrams.

For example, the 2-cell α above can be drawn as:

x y

f

g

α

The axioms of a 2-category ensure that any sensible combination of these dia-
grams unambiguously specifies one composite 2-cell. For example,

x y u

z w v

f

o

g

l

α
h
β

m

k n

γ

represents the composite nα · βf ·mγ.

Example 2.1.2. The primary example of a 2-category is CAT, the 2-category of
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locally small categories, functors and natural transformations. More generally,
if V is a monoidal category, one obtains a 2-category V-CAT of V-categories,
V-functors and V-natural transformations as described by Kelly [33, §1.2].

Example 2.1.3. Any 2-category K gives rise to three more 2-categories by re-
versing the direction of the cells in different levels:

• The horizontal dual Kop is obtained by reversing the 1-cells, so that
Kop(x, y) = K(y, x).

• The vertical dual Kco is obtained by reversing the 2-cells, so that
Kco(x, y) = K(x, y)op.

• The horizontal and vertical dual Kcoop is obtained by reversing both 1-
and 2-cells, so that Kcoop(x, y) = K(y, x)op.

The notion of a 2-category is often too strict to accommodate many important
examples. The problem arises from the requirement that composition of 1-cells
be strictly associative and unital. The more general notion is that of a bicate-
gory, where the equations at the end of Definition 2.1.1 are replaced by natural
isomorphisms

(f ◦ g) ◦ h f ◦ (g ◦ h)∼ and 1 ◦ f f f ◦ 1∼ ∼

subject to two coherence conditions (see Bénabou [12, §1.1]).

Example 2.1.4. A monoidal category amounts to the data of a one-object bicat-
egory. Indeed, if V is a monoidal category, there is a bicategory BV with a single
0-cell • and BV(•, •) = V . Composition of 1-cells corresponds to the monoidal
product in V , and the identity 1-cell is the monoidal unit.

Example 2.1.5. There is a bicategory R where 0-cells are (not-necessarily-
commutative, unital) rings, 1-cells A → B are (B,A)-bimodules and 2-cells
M → N are bimodule homomorphisms. The composite of the (B,A)-bimodule
M with the (C,B)-bimodule N is the (C,A)-bimodule given by the tensor prod-
uct N ⊗BM . The identity bimodule on the ring A is A, seen as a bimodule over
itself.

Note thatR is not a 2-category: the tensor product of bimodules is not strictly
associative or unital. Instead, we have canonical isomorphism (P ⊗C N)⊗BM ∼=
P ⊗C (N ⊗B M) and similarly for tensoring with the identities.

Example 2.1.6. One can vastly generalise the previous example as follows. Let
V be a cocomplete monoidal category where − ⊗ − preserves colimits in each
variable. There is a bicategory V-Prof introduced by Bénabou [13, §3], where 0-
cells are small V-categories. A 1-cell Φ: C → D is a V-profunctor (or distributor,
or bimodule). We will use the notation C −7−→ D to distinguish profunctors from
functors. Such a profunctor is a function Φ: obD × ob C → obV with an action
of C on the left and of D on the right, i.e. families of morphisms

C(c, c′)⊗ Φ(d, c) Φ(d, c′) and Φ(d, c)⊗D(d′, d) Φ(d′, c)
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compatible with the composition and identities of D and C. A 2-cell α : Φ → Ψ
is a family of morphisms αd,c : Φ(d, c) → Ψ(d, c) in V suitably compatible with
the actions.

Given profunctors Φ: C → D and Ψ: D → E , their composite is computed
using a coend in V :

(Ψ⊗ Φ)(e, c) =
∫ d∈D

Φ(d, c)⊗Ψ(e, d).

The identity profunctor on C is simply C(−,−). The associator is given by the
preservation of colimits of ⊗, and the unitors correspond to the density formula.

The most common situation in which we consider V-Prof is when V is sym-
metric monoidal closed. In this case, a profunctor C → D amounts to a V-functor
Dop ⊗ C → V , and a 2-cell Φ → Ψ is a V-natural transformation.

The bicategoryR of the previous example is the full sub-bicategory of Ab-Prof
spanned by the one-object Ab-categories.

There are several notions of maps between bicategories. The most general one
is that of a lax functor F : K → L. It amounts to an assignment of

• a 0-cell Fx of L for each 0-cell x of K,

• a functor F : K(x, y) → L(Fx, Fy) for each pair x, y of 0-cells of K,

• comparison 2-cells Ff ◦ Fg → F (f ◦ g) and 1Fx → F (1x) for each 0-cell x
of K and pair f, g of composable 1-cells of K,

subject to coherence conditions analogous to those of a lax monoidal functor
between monoidal categories. If the comparison maps are invertible, we say that F
is a pseudofunctor. If, moreover, K and L are 2-categories and the comparison
maps are identities, then we say that F is a 2-functor. If P is a property
of functors, we say that a lax functor F : K → L is locally P if the functors
K(x, y) → L(Fx, Fy) are P .
Example 2.1.7. If V is a symmetric monoidal category, then every V-category
C has an opposite Cop. This extends to a 2-functor (−)op : V-CATco → V-CAT
which is its own inverse.

One of the main uses of 2-categories, or bicategories more generally, is to
view them as settings for formal category theory. Many notions in category
theory, such as equivalences, adjunctions and Kan extensions, can be defined in a
bicategory in such a way that one recovers the classical notions when taking the
bicategory in question to be CAT. For example, if f : x → y and g : y → x are
1-cells in a 2-category, an adjunction f ⊣ g amounts to two 2-cells η : x → gf
and ϵ : fg → y, called the unit and the counit, satisfying the familiar triangle
identities. Since this is expressed purely in terms of composition and identities,
every pseudofunctor sends adjoint 1-cells to adjoint 1-cells.
Example 2.1.8. Let V be as in Example 2.1.6. There is an identity-on-objects
pseudofunctor (−)∗ : V-Cat → V-Prof which sends a V-functor F : C → D to the
profunctor F∗ given by

F∗(d, c) = D(d, Fc),
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and a V-natural transformation α : F → G to the ob C-indexed family of maps

D(d, αc) : D(d, Fc) D(d,Gc).

The Yoneda lemma implies that (−)∗ is locally fully faithful.
There is also an identity-on-objects pseudofunctor (−)∗ : V-Catcoop → V-Prof

sending F to the profunctor F ∗ given by

F ∗(c, d) = D(Fc, d),

and α to
D(αc, d) : D(Gc, d) D(Fc, d).

Again, (−)∗ is locally fully faithful.
Note that the density formula implies that, given a string of two functors and

a profunctor
A B C D,F pΦ G

one has

(Φ⊗ F∗)(c, a) =
∫ b∈B

B(b, Fa)⊗ Φ(c, b) ∼= Φ(c, Fa), (2.1)

(G∗ ⊗ Φ)(d, b) =
∫ c∈C

Φ(c, b)⊗ C(Gd, c) ∼= Φ(Gd, b). (2.2)

The two profunctors obtained from a functor F : C → D in this way are always
adjoint to each other: F∗ ⊣ F ∗. The unit of this adjunction is given by the action
of F on morphisms:

ηc,c′ : C(c, c′) D(Fc, Fc′) ∼= (F ∗ ⊗ F∗)(c, c′).
Fc,c′ (2.3)

The counit is the morphism

ϵd,d′ : (F∗ ⊗ F ∗)(d, d′) ∼=
∫ c∈C

D(Fc, d′)⊗D(d, Fc) D(d, d′) (2.4)

induced by the cowedge whose legs are given by composition in D.
The pseudofunctor (−)∗ : V-Cat → V-Prof is an example of a proarrow

equipment in the sense of Wood [64, §1], i.e. a locally fully faithful identity-
on-objects pseudofunctor which sends every 1-cell to a left adjoint and whose
codomain has all right lifts and extensions (see Definition 2.2.1 and Exam-
ple 2.2.5). This extra structure allows one to develop a more expressive formal
category than when using a mere bicategory. For example, one can talk about
pointwise extensions in a proarrow equipment.

Much of our theory will take place inside a fixed bicategory. For such purposes,
it is common and convenient to take this bicategory to actually be a 2-category.
This does not constitute any loss of generality: for any bicategory K there is a
2-category sK and a pseudofunctor F : K → sK which is a biequivalence, i.e.
each of the functors K(x, y) → sK(Fx, Fy) is an equivalence and F is surjective
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on 0-cells up to equivalence in sK. This is known as the coherence theorem
for bicategories. For a streamlined treatment, we direct the reader to Leinster’s
notes [44].

2.2 Extensions and (co)density

The construction that underlies most of the content of this thesis is that of an
extension in a 2-category K, which we review in this section. We pay special
attention to the special case of pointwise extensions in V-CAT, where V is a
Bénabou cosmos, i.e. a complete and cocomplete symmetric monoidal closed
category.

If g : x → y is a 1-cell and z is a 0-cell, let g◦ : K(z, x) → K(z, y) and
g◦ : K(y, z) → K(x, z) denote the functors given by composing with g on the
left and right, respectively. If f : x → z, we write g◦↓f for the comma category
whose objects are pairs (k, α) of a 1-cell k : y → z and a 2-cell α : kg → f .

Definition 2.2.1. Given 1-cells f : x→ z and g : x→ y in K, a right extension
of f along g is a terminal object of g◦↓f .

In simple terms, it is a pair (rang f, ϵ) of a 1-cell rang f : y → z and a 2-cell
ϵ : (rang f)g → f such that, for all pairs (k, α) fitting into the left-hand side
diagram, there exists a unique 2-cell α̂ fitting into the right-hand side one:

x z

y

f

g k
α =

x z.

y

f

g
rang f

k

ϵ α̂

The 2-cell ϵ is called the counit of the right extension. A left extension,
right lift and left lift are a right extension in Kco, Kop and Kcoop, respectively.
These are denoted by lan, rift and lift, respectively. Being defined by a universal
property, right/left extensions/lift are unique up to unique isomorphism.

Another way to view right extensions is to note that rang f is the value of at
f of a (partial) right adjoint rang to g◦. All right extensions along g exists iff
this partial adjoint is total. In particular, rang : K(x, z) → K(y, z) is a partial
functor, so that if rang f and rang f ′ exist and α : f → f ′ is a 2-cell, there is a
2-cell rang α : rang f → rang f ′. Dually, left extension along g provides a (partial)
left adjoint to g◦, and right/left lifts along g provide (partial) right/left adjoints
to g◦.

Much like limits in a category, we can ask when right extensions are preserved.
Given the extra structure in a 2-category, there are now two situations in which
we talk about preservation: internally and externally.
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Definition 2.2.2. Consider the diagram in K:

x z w.

y

hf

g k
ϵ

The 1-cell h preserves the right extension of f along g if

(k, ϵ) is a right extension of f along g
=⇒ (hk, hϵ) is a right extension of hf along g.

A right extension is absolute if it is preserved by every 1-cell.
A pseudofunctor F : K → L preserves the right extension of f along g

if

(k, ϵ) is a right extension of f along g
=⇒ (Fk, Fϵ) is a right extension of Ff along Fg.

If instead the converse is true, we say that F reflects this right extension.

We now collect some well-known properties of extensions (and dually lifts)
which we will find useful. Their straightforward proofs are omitted.

Lemma 2.2.3. The following statements hold:

(i) Locally fully faithful pseudofunctors reflect extensions.

(ii) Right adjoint 1-cells preserve right extensions.

(iii) If f : y → x, g : x→ y and h : x→ z are 1-cells then and f ⊣ g with counit
ϵ : fg → x, then (hf, hϵ) is an absolute right extension of h along g.

(iv) In the diagram
w

x y z,

f

g

k

h

l

ϵ α

if (k, ϵ) is a right extension, then (l, ϵ · αg) is a right extension iff (l, α) is.

Example 2.2.4. Let V be a Bénabou cosmos. There are three successively
stronger notions of right extension for V-functors. Let F : A → C, G : A → B
and H : B → C be V-functors and ϵ : HG→ F be a V-natural transformation.

(i) The weakest notion is asking that (H, ϵ) be a right extension of F along G
in the 2-category V-CAT.
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(ii) The next is that of a right extension in the V-CAT-category of V-categories.
While a right extension in a 2-category amounts to a bijection between sets
of 2-cells, this one asserts that the composite

[B, C](K,H) [A, C](KG,HG) [A, C](KG,F )−G ϵ∗

is an isomorphism between the V-objects of natural transformations for all
K : B → C. These two notions coincide when the functor V(I,−) : V → Set
reflects isomorphisms.

(iii) The third and strongest notion is that of a V-enriched right Kan extension
of F along G, as described by Kelly [33, Ch. 4]. It asserts that for each
b ∈ B the cylinder

B(b,G−) C(Hb,HG−) C(Hb, F−)H ϵ∗

realise Hb as the weighted limit {B(b,G−), F−} in C. If this limit exists
for each b ∈ B, then they assemble into a V-functor which is the V-enriched
right Kan extension of F along G. The required limits clearly exist when
A is small and C is complete. Extensions in the 2-category V-CAT obtained
this way are called pointwise and denoted by RanG F with a capital R.
When V = Set, this weighted limit can be further written as a conical one:

(RanG F )(b) = lim
(
b↓G A CΠb F

)
, (2.5)

where Πb is the forgetful functor from the comma category.
Dually, V-enriched left Kan extensions (or pointwise left extensions in
V-CAT) are given by a weighted colimit formula:

(LanG F )(b) = B(G−, b) ⋆ F − . (2.6)

Example 2.2.5. With V as above, we now consider extensions in K = V-Prof.
Given V-profunctors Ψ: A −7−→ B and Φ: A −7−→ C, the right extension of Φ along Ψ
always exists, and is given by the weighted limit

(ranΨΦ)(c, b) = {Ψ(b,−),Φ(c,−)}

in V for c ∈ C and b ∈ B. This is precisely the V-object of natural transformations
between the functors Ψ(b,−) and Ψ(c,−) : A → V .

Dually, V-Prof also has right lifts. If Θ: C −7−→ B, then

(riftΨΘ)(a, c) = {Ψ(−, a),Θ(−, c)} (2.7)

for a ∈ A and c ∈ C. Again, this is the V-object of natural transformations from
Ψ(−, a) to Θ(−, c) : Bop → V .

Let F : A → C andG : A → B be V-functors with small domain and codomain.
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If RanG F exists, then

(ranG∗ F∗)(b, c) = {B(b,G−), C(c, F−)}
∼= C(c, {B(b,G−), F−})
= C(c, (RanG F )(b))
= (RanG F )∗(b, c)

because representables preserve limits. This means that the pseudofunctor
(−)∗ : V-Cat → V-Prof preserves those right extensions in V-Cat that are point-
wise. Conversely, if ranG F exists and is preserved by (−)∗, then

C(c, (ranG F )(b)) = (ranG F )∗(b, c)
∼= (ranG∗ F∗)(b, c)
= {B(b,G−), C(c, F−)}
∼= C(c, {B(b,G−), F−}),

and so ranG F is pointwise by the Yoneda lemma. Thus, a right extension in V-Cat
is pointwise iff it is preserved by the pseudofunctor (−)∗. Dually, pointwise left
extensions are those sent by (−)∗ : V-Catcoop → V-Prof to right lifts.

Remark 2.2.6. Since (−)∗ reflects extensions by Lemma 2.2.3(i) because it
is locally fully faithful, this confirms that pointwise extensions are in particu-
lar extensions in V-Cat. Moreover, since we have characterised them purely in
terms of 2-categorical language, it is easy to see that the last three statements
of Lemma 2.2.3 hold for V-Cat when the words ‘right extension’ are replaced by
‘pointwise right extension’.

The use of the word extension can be misleading, since in general the (co)unit
of an extension need not an isomorphism. In V-CAT there is an often-used way
to ensure that a pointwise extension is a genuine extension.

Lemma 2.2.7. If G is a fully faithful V-functor, then the counit of any pointwise
right Kan extension along it is invertible.

Once again we can use the proarrow equipment (−)∗ : V-Cat → V-Prof to
verify this without much knowledge about enriched category theory. First, we
internalise another basic notion of category theory to a 2-category.

Definition 2.2.8. A 1-cell f : x → y in a 2-category K is fully faithful if the
functor f◦ : K(z, x) → K(z, y) is fully faithful for all 0-cells z.

Lemma 2.2.9. A left adjoint 1-cell f : x → y is fully faithful iff the unit of the
adjunction is invertible.

Proof. This is famously true in CAT (see e.g. Borceux’s book [15, Vol. I,
Prop. 3.4.1]). For each 0-cell z, there is a representable 2-functor K(z,−) : K →
CAT which sends f to f◦. Since 2-functors preserve adjunctions, if f ⊣ g is an
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adjunction with unit η : x → gf , then f◦ ⊣ g◦ is an adjunction with unit η · −.
Then

f is fully faithful ⇐⇒ ∀z, f◦ : K(z, x) → K(z, y) is fully faithful
⇐⇒ ∀z, η− : 1K(z,x) → g◦f◦ is invertible
⇐⇒ η is invertible,

where the last forward implication is seen by taking z = x.

Lemma 2.2.10. A V-functor F : A → B is fully faithful iff F∗ is a fully faithful
1-cell of V-Prof. If so, F is also a fully faithful 1-cell of V-Cat.

Proof. By the description of the unit of F∗ ⊣ F ∗ in (2.3) and the previous lemma,
it is clear that F∗ is fully faithful iff F is fully faithful as a V-functor. Since any
locally fully faithful pseudofunctor reflects fully faithful 1-cells, it follows that F
is fully faithful as a 1-cell of V-Cat.

Note that a fully faithful 1-cell of V-Cat need not be fully faithful as a V-
functor. This is true however if V(I,−) : V → Set reflects isomorphisms. It
is also true if F has a right adjoint by Lemma 2.2.9, since then the unit is an
invertible 2-cell of V-Cat which is sent to an invertible 2-cell by (−)∗.

Proof of Lemma 2.2.7. Let F : A → C and G : A → B be V-functors such that
RanG F exists and G is fully faithful. Since the extension is pointwise, we have
((RanG F )G)∗ ∼= (ranG∗ F∗) ⊗ G∗. Since G∗ ⊣ G∗, Lemma 2.2.3(iii) implies that
this is isomorphic to ranG∗(ranG∗ F∗). Part (iv) of the same lemma further sim-
plifies this to ranG∗⊗G∗ F∗. Since G∗ is fully faithful by assumption, Lemma 2.2.9
gives that G∗ ⊗ G∗ is the identity profunctor, so this is isomorphic to F∗. Since
(−)∗ is locally fully faithful, this implies that (RanG F )G ∼= F .

The pointwise left and right extensions of a V-functor along itself are an
important special case.

Definition 2.2.11. A V-functor G : A → B is dense if (1B, 1G) is a pointwise
left extension of G along itself. Dually, it is codense if it is a pointwise right
extension.

The use of the word ‘dense’ is motivated by recalling that the pointwise left
extension of G along itself is computed as a weighted colimit in B. Hence, if G is
dense then

b ∼= B(G−, b) ⋆ G−
for all b ∈ B, so that each object of B is a colimit of objects in the image of G in
a canonical way. The next lemma gives a related well-known characterisation of
density which is often taken as the definition.

Lemma 2.2.12. A V-functor G : A → B is dense iff B(G−,−) : B → [Aop,V ] is
fully faithful.

Proof. By (2.7), G is dense iff {B(G−, b),B(G−, b′)} ∼= B(b, b′) for b, b′ ∈ B.
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Dense V-functors satisfy some convenient closure properties which we now
record. They are proved in Kelly’s book [33, §5.2], although a proof using the
proarrow equipment (−)∗ is also possible.

Lemma 2.2.13. Let G : A → B and H : B → C be V-functors.

(i) If G is dense and H preserves RanGG, then H is dense iff HG is.

(ii) If H is fully faithful and HG is dense, then both G and H are dense.

Remark 2.2.14. Note that the condition in (i) that H preserve RanGG cannot
be dropped. The following example is due to Kelly [33, §5.2]: the ordinary
functors G : 1 → FinSet picking out 1 and y : FinSet → [FinSetop, Set] are both
dense, but their composite is not.

Dense V-functors which are also fully faithful play an important role: they
correspond to free cocompletions under classes of colimits. Note that, by part (ii)
of the previous lemma, the full image factorisation of any dense V-functor is of
this type. There are two slightly different notions which one might refer to as a
free cocompletion. Given a category A, we can freely adjoin colimits for

(i) a class D of diagrams, seen as pairs (W,D) whereW : Iop → V and D : I →
A, to obtain a fully faithful functor J : A ↪→ D[A] such that W ⋆JD exists
for each (W,D) ∈ D; or

(ii) a class C of functors W : Iop → V , thought of as the weights of the colimits
being adjoined, to obtain a fully faithful functor J : A ↪→ C(A) such that
C(A) has all colimits weighted by elements of C. We call such colimits
C-colimits, and categories having all of them C-cocomplete.

The sense in which these cocompletions are free is subtly different in each case:

(i) The functor J : A ↪→ D[A] has the property that, for any functor F : A → B
such thatW ⋆FD exists in B for each (W,D) ∈ D, there exists a unique-up-
to-isomorphism functor F̂ : D[A] → B such that F ∼= F̂ J and F̂ preserves
the colimit W ⋆ JD for each (W,D) ∈ D.
The category D[A] is the full subcategory of [Aop, Set] on the representables
and the colimits W ⋆ yD for (W,D) ∈ D, where y : A → [Aop,V ] is the
Yoneda embedding. The functor J : A ↪→ D[A] is the restriction of y. For
F as above, F̂ is given by LanJ F .

(ii) The functor J : A ↪→ C(A) has the property that, for any functor F : A → B
where B is C-cocomplete, there exists a unique-up-to-isomorphism functor
F̂ : C(A) → B such that F ∼= F̂ J and F̂ is C-cocontinuous, i.e. F̂ preserves
all C-colimits.
When the domain of each weight in C is small, the category C(A) is the
closure of the representables in [Aop,V ] under colimits whose shapes are
in C. This closure is constructed through a transfinite inductive process.
Letting A0 denote the full subcategory of [Aop,V ] on the representables
and α be an ordinal, we set Aα+1 to be the full subcategory of [Aop,V ]
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containing Aα together with all the C-colimits of diagrams whose image is
in Aα. For a limit ordinal β, we let Aβ = ⋃

α<β Aα. Then C(A) = ⋃
αAα.

If the cardinality of the domains of the weights in C is strictly bounded by
some regular κ, then C(A) = Aκ. The functor J : A → C(A) is again the
restriction of y, and F̂ ∼= LanJ F .

That the given definitions of D[A] and C(A) satisfy these properties is shown
in Kelly’s book [33, §4.10 and §5.7]. Note that (ii) is a special case of (i) by
construction: given a class of weights C, we can take the class D of pairs (W, 1A)
where W ∈ C(A) (or, more conveniently, small diagram pairs with the same
colimit) to get D[A] = C(A). Even so, the universal property expressed by (i) in
this case is stronger than the one in (ii).

The second construction is much better behaved in practice, because it is
uniform across the category A. In fact, C(A) is the value at A of a lax-idempotent
pseudomonad C(−) on V-CAT, in the terminology of Kelly and Lack [34].

Theorem 2.2.15. A fully faithful functor F : A → B is dense iff it is equivalent
to a free cocompletion of the form J : A ↪→ D[A] for some class of diagrams D.
Moreover, letting CF = {B(F−, b) | b ∈ B}, the following are equivalent:

(i) B is CF -cocomplete and B(F−,−) : B ↪→ [Aop,V ] is CF -cocontinuous;

(ii) F is equivalent to the free cocompletion J : A ↪→ CF (A);

(iii) F is equivalent to a free cocompletion J : A ↪→ C(A) for some class of
weights C.

Proof. Any free cocompletion J : A ↪→ D[A] is dense by Lemma 2.2.13(ii) because
the Yoneda embedding y : A ↪→ [Aop,V ] is dense. Conversely, if F is dense then B
is equivalent to a full subcategory of [Aop,V ] containing B(F−, b) ∼= B(F−, b) ⋆ y
for each b ∈ B, so that we may take D = {(B(F−, b), y) | b ∈ B}.

For the second part, the equivalence of (i) and (ii) follows from Proposition
5.62 of Kelly [33]. Trivially, (ii) implies (iii). For the last implication, it suffices
to show that (i) holds for F = J : A ↪→ C(A). Given W ∈ C(A), note that
C(A)(J−,W ) ∼= W by the Yoneda lemma, so that C(A)(J−,−) is simply the
inclusion K : C(A) ↪→ [Aop,V ].

One proves that C(A) is CJ -cocomplete and that K is CJ -cocontinuous by
transfinite induction. If W ∈ A0, then W = ya for some a ∈ A and W ⋆D ∼= Da
for any D : A → [Aop,V ], so C(A) hasW -indexed colimits and they are preserved
by K. IfW ∈ Aα+1, thenW ∼= X⋆E for some X : Iop → V ∈ C and E : I → Aα.
For any D : A → C(A), we have W ⋆ D ∼= (X ⋆ E) ⋆ D ∼= X ⋆ (E− ⋆ D) which
exists and is preserved by K by induction because Ei ∈ Aα for each i ∈ I. The
limit case is trivial.

2.3 The formal theory of monads
Much of this thesis is concerned with monads. The definition of a monad makes
sense not just on a category, but on a 0-cell of a bicategory. We work more simply

24



with a 2-category, since the coherence theorem ensures no loss of generality. This
more general notion of monad was identified by Street in [58], where he defined
a 2-category of monads in a 2-category. We will cover some useful aspects of the
classical theory of monads on categories later in Section 2.4.

For the rest of this section, fix a 2-category K. The constructions we introduce
will often involve axioms amounting to the commutativity of a diagram of 2-cells
in K. Each of these diagrams has been given a suggestive label, written in blue
inside the face of the diagram. These labels will be used in later chapters to justify
the commutativity of larger diagrams. They follow the syntax (A.B), where A is
an instance of the structure the axiom applies to and B is used to identify which
axiom of the corresponding structure we mean. When a face is labelled inside a
proof, the label is a hyperlink to the definition of the relevant axiom. Readers
using a hard copy may refer to the index of face labels on page 149.

Definition 2.3.1. Amonad on a 0-cell x of K is a triple (t, µt, ηt) where t : x→ x
is a 1-cell, and µt : t2 → t and ηt : 1 → t are 2-cells such that the following
commute:

t3 t2

t2 t,

µtt

tµt µt

µt

(t.a)

t t2

t,

ηtt

µt
(t.l)

t t2

t.

tηt

µt
(t.r)

The 2-cells µt and ηt are called the multiplication and unit of t. We will
often abbreviate the triple (t, µt, ηt) to just t.

Example 2.3.2. Of course, a monad in CAT is the familiar notion of a monad
on a category. Varying the 2-category K we have:

• A monad in V-CAT is a V-enriched monad.

• A monad in the bicategory BV of Example 2.1.4 is a monoid in V .

• A monad in the bicategory R of Example 2.1.5 on a commutative ring A is
an associative unital A-algebra.

• A monad Φ: A −7−→ A in V-Prof is called a promonad. The multiplication
and unit give maps

Φ(b, c)⊗ Φ(a, b) Φ(a, c) and A(a, b) Φ(a, b)

for a, b, c ∈ A. This amounts to a V-category AΦ with AΦ(a, b) = Φ(a, b)
and an identity-on-objects V-functor A → AΦ.

There are three different notions of morphisms between monads.

Definition 2.3.3. Let t and s be monads on x and y, respectively. A lax monad
functor (x, t) → (y, s) is a pair (g, ϕ) where g : x→ y is a 1-cell, and ϕ : sg → gt
is a 2-cell such that the following commute:
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s2g sgt gt2

sg gt,

sϕ

µsg

ϕt

gµt

ϕ

(ϕ.µ)

g

sg gt.

ηsg gηt

ϕ

(ϕ.η)

A colax monad functor (x, t) → (y, s) is a lax monad functor (y, s) → (x, t) in
Kop. Explicitly, it is a pair (h, ψ) where h : x → y is a 1-cell, and ψ : ht → sh is
a 2-cell such that the following commute:

ht2 sht s2h

ht sh,

ψt

hµt

sψ

µsh

ψ

(ψ.µ)

h

ht sh.

hηt ηsh

ψ

(ψ.η)

If x = y, a monad map t → s is a 2-cell θ : t → s such that (1x, θ) is a colax
monad functor. Explicitly, θ must make the following commute:

t2 s2

t s,

θθ

µt µs

θ

(θ.µ)

x

t s.

ηt ηs

θ

(θ.η)

Let Lax(t, s), Colax(t, s) and Mndx(t, s) be the collections of lax monad functors,
colax monad functors and monad maps from (x, t) to (y, s), with x = y in the
last case. Let Laxg(t, s) ⊆ Lax(t, s) consist of those lax monad functors whose
1-cell part is g, and similarly for Colaxg(t, s). It follows by definition that

Mndx(t, s) = Colaxx(t, s) = Laxx(s, t).

Example 2.3.4. If t is a monad on x, then ηt : 1x → t is a monad map. The pair
(t, µt) is both a lax monad functor (x, 1x) → (x, t) and a colax monad functor
(x, t) → (x, 1x).

Example 2.3.5. If f ⊣ g : y → x is an adjunction in K, with unit η and counit
ϵ, then gf becomes a monad on x with unit η and multiplication gϵf . A straight-
forward verification gives that (g, gϵ) : (y, 1y) → (x, gf) is a lax monad functor.

Given (g, ϕ), (h, ψ) ∈ Lax(t, s), a lax monad functor transformation
(g, ϕ) → (h, ψ) is a 2-cell σ : g → h such that

sg sh

gt ht

sσ

ϕ ψ

σt

(2.8)

commutes. Equipping Lax(t, s) with these transformations as morphisms makes
it into a category.

Given lax monad functors (g, ϕ) : (x, t) → (y, s) and (h, ψ) : (y, s) → (z, r),
the composite pair (hg, hϕ · ψg) is a lax monad functor (x, t) → (z, r). One can
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extend this to lax monad functor transformations to form a 2-category MND(K)
whose objects are pairs (x, t) of a 0-cell x in K and a monad t on x, and where

MND(K)((x, t), (y, s)) = Lax(t, s).

The category of monads on a 0-cell x of K is Mndx, where objects are mon-
ads on x and morphisms are monad maps. It is precisely the subcategory of
MND(Kop)op on the monads on x and the 1-cells whose first component is 1x. This
is isomorphic to the category of monoids in the monoidal category (K(x, x), ◦, 1x).
As with all categories of monoids, we have:

Lemma 2.3.6. The forgetful functor Mndx → K(x, x) creates limits.

The most important object attached to a monad T on a category C is its
Eilenberg–Moore category CT : the category of T -algebras. One approach to
generalise this to monads in 2-categories is to follow the philosophy of generalised
elements. If t is a monad on x, then a t-algebra (of shape y) is a pair (a, α)
where a : y → x is a 1-cell and α : ta→ a is a 2-cell such that

t2a ta

ta a

tα

µta α

α

and
a ta

a

ηta

α

commute. These are in fact the algebras for the monad t◦ on the category K(y, x),
or equivalently they are the lax monad functors (y, 1) → (x, t). In CAT, the
traditional category of algebras is obtained by considering t-algebras whose shape
is the terminal category.

Street gave a very elegant way to internalise this within K, so that instead of a
category of t-algebras of each possible shape, we can speak of an object of K acting
as the object of t-algebras. There is an obvious 2-functor Und: MND(K) → K
which forgets the monad structure. It has a right 2-adjoint Id : K → MND(K),
which is given by sending a 0-cell to the identity monad on it. We say that K
admits the construction of algebras when Id has a further right 2-adjoint
Alg : MND(K) → K.

If t is a monad on x, we write Alg(x, t) as xt and call it the Eilenberg–
Moore object of t. We write the counit of the adjunction at (x, t) as (ut : xt →
x, χt : tut → ut). If (g, ϕ) : (x, t) → (y, s) is a lax monad functor, we write
Alg(g, ϕ) as gϕ : xt → ys. The adjunction ensures an isomorphism of categories

K(y, xt) ∼= MND(K)((y, 1y), (x, t)) = Lax(y, t), (2.9)

so that xt represents the functor that sends y to the category of t-algebras of
shape y.

The naturality of the counit of the adjunction gives, for each lax monad functor
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(g, ϕ), commutative diagrams

(xt, 1) (ys, 1)

(x, t) (y, s)

(gϕ, 1)

(ut, χt) (us, χs)

(g, ϕ)

Und7−−−−→
xt ys

x y

gϕ

ut us

g

(2.10)

in MND(K) and K, respectively. This being a 2-adjunction, there is a similar
commutative diagram for 2-cells. In fact, Lack and Street show in [41, §2.2] that:

Theorem 2.3.7. If K admits the construction of algebras, the assignment
(x, t) 7→ ut and (g, ϕ) 7→ (gϕ, g) extends to a locally fully faithful 2-functor

MND(K) K→,

where K→ is the arrow 2-category of K.

Hence, every 1-cell gϕ of K fitting into the right-hand diagram of (2.10) cor-
responds to a unique lax monad functor (g, ϕ) on the left. The 1-cells equivalent
to those of the form ut in K→ are called monadic. It follows that MND(K) is
biequivalent to the full sub-2-category of K→ on the monadic 1-cells. One should
see this as evidence that the definition of MND(K) is meaningful.

Example 2.3.8. The 2-category CAT admits the construction of algebras. If
T is a monad on A, then Alg(A, T ) = AT is the Eilenberg–Moore category of
T and the functor part of the counit at (A, T ) is exactly UT : AT → A, i.e.
the classical forgetful functor from the category of T -algebras. By the previous
theorem, lax monad functor (G,ϕ) : (A, T ) → (B, S) are in bijection with functors
Gϕ : AT → BS such that GUT = USGϕ.

Example 2.3.9. The 2-category CATop also admits the construction of algebras.
Note that monads in CATop are the same as monads in CAT, because the categories
of endo-1-cells are unchanged. In this case, Alg(C, T ) = CT is the Kleisli category
of T and the functor part of the counit at (C, T ) is the left adjoint FT : C → CT
of the Kleisli adjunction for T . By the dual of the previous theorem, lax monad
functors (G,ψ) : (A, T ) → (B, S) are in bijection with functors Gψ : AT → BS
such that FSG = GψFT .

In particular, the data of a map θ : T → S of monads on A is both equivalent
to the data of a functor U θ : AS → AT over A and to the data of a functor
Fθ : AT → AS under A.

We saw in Example 2.3.5 that every adjunction in K induces a monad. In
general, not every monad is induced by an adjunction, but this is the case if K
admits the construction of algebras. Indeed, transporting the lax monad functor
(t, µt) : (x, 1x) → (x, t) along the adjunction (2.9) gives a unique 1-cell f t : x→ xt

such that utf t = t and χtf t = µt. One then shows that f t ⊣ ut and that this
adjunction induces the monad t.
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Moreover, if f ⊣ g : y → x induces the monad t, then (g, gϵ) ∈ Lax(y, t) of
Example 2.3.5 gives a unique comparison 1-cell k : y → xt such that utk = g
and utkϵ = utϵk. This is the Eilenberg–Moore comparison 1-cell. Dually,
one obtains the Kleisli comparison 1-cell when Kop admits the construction of
algebras.

As was discussed in Section 1.2 in the case where K = CAT, it is not just right
adjoints that induce monads in a 2-category. Given a 1-cell g : y → x, if rang g
exists then it has a canonical monad structure, called the codensity monad of
g. When K admits the construction of algebras, the right adjoint urang g gives the
monadic reflection of g in the sense of the following theorem. Let (K0/x)ran be
the category whose objects are 1-cells g in K with codomain x such that rang g
exists, and whose morphisms are commutative triangles over x. Then:

Theorem 2.3.10. If K admits the construction of algebras, the fully faithful
functor

Mndopx = Laxx (K0/x)ranu−

given by restricting the 2-functor of Theorem 2.3.7 has a left adjoint, which sends
g : y → x to its codensity monad.

Note that this is an adjunction of ordinary categories, not of 2-categories. In
simple terms, it says that any commuting triangle on the left, factorises uniquely
through a pair of commutative triangles on the right:

y xt

x,

h

g ut

y xrang g xt

x,
g

k ĥ

urang g

ut

where k : y → xrang g is given by the unit of the adjunction.
We will need to generalise one last notion from the classical theory of monads

on categories to monads in a 2-category: the distributive laws of Beck [10].

Definition 2.3.11. Let s and t be monads on x. A distributive law of t over s
is a 2-cell δ : ts→ st such that (s, δ) is a lax monad endofunctor of t and (t, δ) is
a colax monad endofunctor of s. Explicitly, δ must make the following commute:

ts2 sts s2t

ts st,

δs

tµs

sδ

µst

δ

(δ.µs)

t

ts st,

tηs ηst

δ

(δ.ηs)

t2s tst st2

ts st,

tδ

µts

δt

sµt

δ

(δ.µt)

s

ts st.

ηts sηt

δ

(δ.ηt)

Remark 2.3.12. Note that what we call a distributive law of t over s is some-
times called a distributive law of s over t in the literature, e.g. by Garner in [28,
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Def. 4]. We choose to follow Beck’s original terminology in [10], bearing in mind
that he writes composition of functors in diagrammatic order, i.e. opposite to our
convention for 1-cells. This convention agrees with the maxim ‘multiplication dis-
tributes over addition’, which gives a distributive law of the free (multiplicative)
monoid monad on Set over the free (additive) abelian group monad.

As is the case for Beck’s notion, distributive laws in K allow us to compose
monads.

Theorem 2.3.13. Let t and s be monads on the 0-cell x of K. Then there is a
bijection between

(i) distributive laws δ : ts→ st;

(ii) 2-cells µ : (st)2 → st such that

(a) (st, µ, ηsηt) is a monad,
(b) the 2-cells sηt : s→ st and ηst : t→ st are monad maps,
(c) the middle unitary law holds, i.e. the following diagram commutes:

st

stst st.

sηtηst

µ

The composite monad structure on st obtained from a distributive law δ in this
way is denoted by s ◦δ t.

Proof. The equivalence between (i) and (ii) is proved for K = CAT in Beck’s
work introducing distributive laws [10, §1]. The proof in a general 2-category is
identical. The multiplication of s ◦δ t is the composite 2-cell

stst s2t2 st.sδt µsµt

Conversely, one obtains a distributive law as the composite

ts stst st.
ηstsηt µ

Note that in (ii) we need not have specified the unit of the composite monad
as ηsηt, since this is necessary from the fact that sηt and ηst are monad maps.

Examining the first two diagrams in Definition 2.3.11 together with (2.8), one
sees that a lax monad endofunctor (s, δ) of t gives a distributive law iff ηs and µs
are lax monad functor transformations

1(x,t) (s, δ) and (s, δ) ◦ (s, δ) = (s2, sδ · δs) (s, δ),

respectively. In other words, δ is a distributive law iff ((s, δ), µs, ηs) is a monad
in MND(K) on the 0-cell (x, t).

30



By Theorem 2.3.7, if K admits the construction of algebras, such a monad
amounts to a monad on ut : xt → x in K→ whose underlying monad on x is s.
Explicitly, this is a monad s on xt such that

uts = sut, utηs = ηsut and utµs = µsut.

We call this a monad lift of s along ut. Note that these conditions are equivalent
to requiring that (ut, 1) : (xt, s) → (x, s) be a lax monad functor.
Theorem 2.3.14. If K admits the construction of algebras, then distributive laws
δ : ts→ st are in bijection with monad lifts of s along ut.

Dually, ifKop admits the construction of algebras, a distributive law δ : ts→ st
amounts to a monad extension of t along fs : x→ xs, where xs is the Kleisli object
of s.

The assignment of Theorem 2.3.13 of a distributive law to its composite monad
extends to a 2-functor Cmp: MND2(K) → MND(K), which is in fact the com-
ponent at K of the multiplication of a 2-monad MND on the 2-category of 2-
categories. The component at K of the unit of this 2-monad is Id : K → MND(K).

If δ : ts→ st is a distributive law and K admits the construction of algebras,
then there is an isomorphism between the Eilenberg–Moore objects of s ◦δ t and
of the monad lift s of s along ut that δ induces. This follows from the Yoneda
lemma, because xs◦δt and (xt)s represent the same functor. Indeed, the categories
of (s ◦δ t)- and s-algebras of shape y are isomorphic by Beck’s characterisation in
the classical case, since (s ◦δ t)◦ = s◦ ◦δ◦ t◦.

In fact, Beck gave a third characterisation of these algebras. An (s ◦δ t)-
algebra of shape y amounts to a triple (a, αs, αt) where a : y → x is a 1-cell and
αs : sa→ a and αt : ta→ a are 2-cells such that:

• (a, αs) is an s◦-algebra,

• (a, αt) is a t◦-algebra,

• the following diagram commutes:

tsa sta

ta a sa.

δa

tαs sαt

αt αs

Moreover, the category of (s◦δ t)-algebras of shape y is isomorphic to the category
of s-algebras of the same shape.

In particular, note that if K admits the construction of algebras then (K,Alg)
is a pseudoalgebra for the 2-monad MND, since we have just seen that

MND2(K) MND(K)

MND(K) K

MND(Alg)

Comp Alg

Alg
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commutes up to isomorphism, as does the triangle in the unit axiom.
In [41], Lack and Street defined an alternative 2-category of monads in K,

called EM(K). It arose from the realisation that the Eilenberg–Moore object xt,
being defined in terms of the category of 1-cells into it, is in fact a weighted
limit. In particular, let ∆a be the augmented simplex category, consisting of
finite ordinals and monotone maps between them. Under ordinal sum, it is the
free monoidal category containing a monoid. It follows that a 2-functor B∆a → K
is precisely a monad t in K. The algebra object xt for this monad is then the limit
of this 2-functor weighted by a fixed 2-functor W : B∆a → Cat. The 2-category
EM(K) is defined as the free completion of K under W -weighted limits. It has
the same 0- and 1-cells as MND(K), but more 2-cells in general.

2.4 Monads in CAT and on Set
Monads in CAT are of course the prototype for the general theory of monads. As
we saw in Example 2.3.8, both CAT and CATop admit the construction of algebras,
recovering the classical Eilenberg–Moore and Kleisli categories for monads. In
this context, many natural questions one can ask about monadic functors and
categories of algebras have well-known answers, some of which we record here for
later use. We also focus on the case of monads on Set, giving several examples.

We begin by recording Beck’s monadicity theorems. The first can be found
in his original paper [11, Thm. 4.1]. The second is stated as in Barr and Wells’s
book [9, §3.5]. Recall that a functor U : B → A creates the colimit of a diagram
D : I → B if, given a colimit cocone λ : UD → L in A, there is a cocone µ : D →
M in B such that Uµ is isomorphic to λ, and any such cocone is a colimit cocone.
In particular, it reflects colimits for D, and preserves them as soon as UD has a
colimit.
Theorem 2.4.1 (Monadicity). A functor U : B → A is monadic iff it is a right
adjoint and it creates U-split coequalisers.

Theorem 2.4.2 (Crude Monadicity). Let B be a category with reflexive coequalis-
ers and U : B → A be a right adjoint which preserves them and which reflects
isomorphisms. Then U is monadic.

If θ : T → S is a map of monads on a category A, we write U θ : AS → AT

for the functor between categories of algebras it induces. By Theorem 2.3.7, this
makes U− : MndopA → CAT/A into a fully faithful functor whose essential image
consists of the monadic functors. We call a functor of the form U θ algebraic.
Proposition 2.4.3. Let θ : T → S be a morphism of monads on A.

(i) The algebraic functor U θ : AS → AT creates US-split coequalisers.

(ii) U θ is monadic iff it has a left adjoint.

Proof. Since UTU θ = US, if a parallel pair (f, g) in AS is US-split, then
(U θf, U θg) is UT -split. The first statement then follows from the fact that US

and UT create US- and UT -split coequalisers, respectively.
The second statement is then obvious from the Monadicity Theorem.
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The following theorem of Linton [46, Cor. 1] gives sufficient conditions for
algebraic functors to have left adjoints, and hence be monadic.

Theorem 2.4.4. Let T be a monad on A such that AS has reflexive coequalisers.

(a) For every monad map θ : T → S, the algebraic functor U θ : AS → AT has a
left adjoint, denoted by F θ, whose value at the object (A,α) ∈ AT is given
by the coequaliser in AS of the reflexive pair

F STA F SSA F SA.FSθ

FSα

µSA

(b) If A has coproducts, then AT is cocomplete.

We now focus on monads on Set. The next theorem follows from Borceux’s [15,
Vol. II, Thm. 4.3.5], and is a good example of how arbitrary monads on Set are
especially well behaved.

Theorem 2.4.5. Let T be a monad on Set. Then SetT is complete and cocom-
plete. In particular, all algebraic functors over Set are monadic.

Proposition 2.4.6. Let U : A → Set be a functor and UX : A → Set be given by
UX(A) = (UA)X for a set X. If U is monadic, then so is UX .

Proof. We may assume that U = UT for some monad T on Set. By the proof of
Borceux’s [15, Vol. II, Thm. 4.4.5], it suffices to show that F TX is a projective
regular generator of SetT . It is projective because a coproduct of projective objects
is projective, FX ∼= ∑

X F
T1 and F T1 is projective. It is a strong generator

because SetT (F TX,−) ∼= ∏
X U

T reflects isomorphisms, by Corollary 4.5.11 in
Borceux’s book. This is enough because SetT is a regular category.

Recall that algebraic theories whose abstract operations have arity less than
some regular cardinal κ correspond to monads on Set preserving κ-filtered colim-
its.

Definition 2.4.7. The rank of a monad T on Set is the smallest regular cardinal
κ such that T preserves κ-filtered colimits. If no such cardinal exists, we say that
T has no rank.

Finitary monads are hence those with rank ℵ0. Monads with rank are par-
ticularly well behaved, e.g. their categories of algebras are locally presentable.
However, not every monad on Set has rank, as we will see in the examples below.

There are two monads on Set which are exceptional in many ways. We write
g · f or simply gf for the composite of two functions f : X → Y and g : Y → Z.

Lemma 2.4.8. The following are equivalent for a monad T on Set:

(i) there is a T -algebra with at least 2 elements;

(ii) the unit ηT is (pointwise) monic.
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Proof. If ηT2 : 2 → T2 is monic then there is clearly a T -algebra with at least 2
elements. Conversely, let (A,α) be a T -algebra with at least 2 elements and B ∈
Set. For any b1 ̸= b2 ∈ B there is a function f : B → A such that f(b1) ̸= f(b2).
Since f = α · Tf · ηTB, it follows that ηTB(b1) ̸= ηTB(b2).

A monad on Set which satisfies these conditions is called consistent. If T
is an inconsistent monad, then every T -algebra is either empty or a singleton.
Unsurprisingly, there are only two such monads up to isomorphism.

Example 2.4.9. The terminal object of [Set, Set] is the functor constant at 1.
As the terminal object in a monoidal category, it has a unique monoid structure.
This gives the terminal monad T on Set.

It is of course finitary: it corresponds to the theory presented by a single
constant and the equation x = y. Its category of algebras is hence equivalent to
the terminal category, with the forgetful functor 1 → Set picking out 1. It is one
of the only three idempotent monads on Set.

Example 2.4.10. The monad T has a unique submonad T0 with T0∅ = ∅. It is
again finitary, corresponding to the theory with no operations and the equation
x = y. Its category of algebras is equivalent to the walking arrow category, which
embeds as {∅ < 1} ⊆ Set. It is the remaining idempotent monad on Set, once
we account for the identity.

Proposition 2.4.11. If T is a consistent monad on Set, then both F T and T
reflect isomorphisms.

Proof. Since T = UTF T and UT reflects isomorphisms, it suffices to show that
T does too. Let f : X → Y be a function such that Tf is invertible. Since
ηTY · f = Tf · ηTX is injective because T is consistent, f is injective.

For A ⊆ X, let [A] : X → 2 = {0, 1} denote the indicator function of A, and
similarly for B ⊆ Y . Note that [im f ]f = [X]. Applying T ,

T [im f ] · Tf = T [X],

and since Tf is invertible this shows that T [im f ] factors through T [X], which
itself factors through T applied to the inclusion t : {1} → 2. Now T [im f ] sends
ηTY (y) to ηT2 (1) if y ∈ im f and to ηT2 (0) otherwise. Hence, to show that f is
surjective, it suffices to show that ηT2 (0) is not in the image of Tt.

A T -algebra map g : F T2 → A is determined by g · ηT2 : 2 → A. If ηT2 (0)
is in the image of Tt, then this is further determined by g · Tt, which is itself
determined by where ηT1 (1) is sent to. This gives a contradiction by taking A
with at least two elements and varying the value of g · ηT2 at 0 but not at 1.

We now introduce a number of consistent monads on Set which we will use as
examples in later chapters. The reason for this particular collection of examples
is that each of these monads restricts to a monad on finite sets. We write XY for
the set of functions from a set Y to a set X.

Example 2.4.12. Any set E is a monoid in (Set,+,∅) in a unique way, with
unit ! : ∅ → 1 and multiplication ∇E : E + E → E. The functor Set → [Set, Set]
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which sends X to − + X sends binary coproducts to functor composition, and
hence is strong monoidal. This makes −+E a monad which we denote by EE. In
programming language semantics, this is called the exception monad because
a function X → Y + E can be thought of as a function X → Y which may raise
an exception e ∈ E.

This monad is always finitary. It corresponds to the theory with E constants
and no equations. Its category of algebras is hence the category of E-pointed
sets, which is equivalent to the slice category E/Set.

Example 2.4.13. Dually, any set I is a comonoid in (Set,×, 1) in a unique way,
with unit ! : I → 1 and comultiplication ∆I : I → I2. The Yoneda embedding
Setop → [Set, Set] sends binary products to functor composition since Set(X ×
Y,−) ∼= Set(X,−) ◦ Set(Y,−), and hence is strong monoidal. This makes (−)I a
monad which we denote by RI . In programming language semantics, this is the
reader monad because a function X → Y I is a function X → Y which depends
on a parameter i ∈ I which it ‘reads’. Note, in particular, that R∅ = T and
R1 = 1.

This monad is finitary iff I is finitely presentable, which in Set is equivalent
to being finite. In any case, it corresponds to the theory presented by a single
hyperaffine I-ary operation, i.e. an I-ary operation θ such that

θ(i 7→ x) = x and θ(i 7→ θ(j 7→ xij)) = θ(i 7→ xii).

We now take I to be a finite set n. Being a finite power of the identity monad,
which is finitary and commutative, the category of algebras of Rn is described
by Faro and Kelly in [26, Prop. 11]. It is the result of freely adjoining an initial
object to (Set≥1)n, the n-th power of the category of nonempty sets. The forgetful
functor sends the initial object to ∅, and (Xi)i∈n to ∏i∈nXi.

Example 2.4.14. The cartesian closed structure of Set gives an adjunction −×
S ⊣ (−)S for any set S. This induces the monad (S×−)S which we denote by SS.
In programming language semantics, this is the state monad because a function
X → (S × Y )S can be thought of as a function X → Y which has access to a set
of states S which it can ‘read’ and ‘update’.

It is finitary iff S is finite, which we now assume. Its theory admits a presen-
tation with a unary πi operation for each i ∈ S and an S-ary operation δ, subject
the equations1

πiπj(x) = πj(x),
δ(i 7→ πi(x)) = x,

πi(δ(i 7→ xi)) = πi(xi),

for all i, j ∈ S. Clearly S∅ = T. When S ̸= ∅, its category of algebras is in fact
equivalent to Set. Indeed, the right adjoint (−)S is monadic by Proposition 2.4.6.

Example 2.4.15. The cartesian closed structure of Set also implies that
S− : Setop → Set is adjoint to itself on the right. This induces the monad SS

−

1This presentation was shown to the author by Tom Leinster in a private communication.
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which we denote by DS and call the endomorphism monad of S. We have
D∅ = T0 and D1 = T. For |S| > 1, this monad is never finitary. In fact, it has no
rank, as we will see in Theorem 6.1.24.

Taking S = 2 gives the familiar double powerset monad. The category of
algebras of D2 is equivalent to Setop, which is itself equivalent to the category of
complete atomic Boolean algebras by Stone duality. This is because the functor
2−, i.e. the contravariant powerset functor, is monadic thanks to a famous theorem
of Paré – see e.g. the book by Mac Lane and Moerdijk [49, Thm. IV.5.3]. The
finitary part Df

2 corresponds to the theory of all Boolean algebras.
Something similar happens for 2 < |S| <∞. The finitary part Df

S corresponds
to the theory of S-valued Post algebras. One can adapt the proof of Paré’s
theorem to show that S− is monadic in this case too, so that the DS-algebras are
those of S-valued functions on a set. Epstein [25, Thm. 18] showed that these
are precisely the complete atomistic S-valued Post algebras.

Example 2.4.16. LetM be a monoid. Much like in Example 2.4.13, the functor
Set → [Set, Set] which sends X to X ×− is strong monoidal. This makes M ×−
a monad which we denote by MM and call the free M-set monad.

It is always finitary. Its theory is presented by a unary operation for each
element ofM , which compose exactly as the elements multiply inM . Its category
of algebras is the category ofM -sets, i.e. sets equipped with a left action byM . It
is isomorphic to the functor category [BM, Set], where BM denotes the one-object
category corresponding to M .

Example 2.4.17. For a set X, let PX denote its powerset. Given a function
f : X → Y , let Pf send a subset of X to its image in Y . This makes P into a
functor, which in fact has a monad structure given by

ηPX(x) = {x} and µP
X(A) =

⋃
A∈A

A,

commonly called the powerset monad. Like DS for |S| > 1, P does not have
rank. Its finitary part is the finite powerset monad Pf , which sends X to the
set of finite subsets of X.

The theory corresponding to Pf can be presented by a unital, associative,
commutative and idempotent binary operation. Its category of algebras is hence
the category of commutative idempotent monoids, which is isomorphic to the
category of bounded join-semilattices. The category of algebras of P is the cate-
gory of suplattices, whose objects are posets with arbitrary suprema (and hence
also arbitrary infima) and whose morphisms are supremum-preserving monotone
maps.

There is also the nonempty powerset monad P+ ⊆ P and the nonempty
finite powerset monad Pf

+ ⊆ Pf .

For our last two examples of monads on Set we will need some basic theory
of filters and ultrafilters on sets. This should come as no surprise, since the
codensity monad of J : FinSet ↪→ Set is the ultrafilter monad (defined below), as
shown by Kennison and Gildenhuys [37, p. 341]. The following definitions and
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properties are standard – see e.g. the book by Hofmann, Seal and Tholen [30,
§II.1.12 and 13].

Definition 2.4.18. Let X be a set. A filter on X is a subset F of PX such that

(i) X ∈ F ;

(ii) for A,B ⊆ X, we have A ∩B ∈ F iff A,B ∈ F2.

A filter F is proper if it is a proper subset of PX, equivalently if ∅ /∈ F . An
ultrafilter is a filter that also satisfies:

(iii) for A ⊆ X, either A ∈ F or X \ A ∈ F , but not both.

Ordering the filters on X by inclusion, ultrafilters are precisely the maximal
proper ones.

Given A ⊆ X, the principal filter at A is the filter

↑A = {B ⊆ X | A ⊆ B}.

This is an ultrafilter iff A = {x} for some x ∈ X, in which case it is called the
principal ultrafilter at x. Any filter on a finite set is principal; indeed, a filter is
closed under finite intersections, and taking the intersection over the entire filter
gives a least element.

An ideal on X is a subset I of PX such that

(iv) ∅ ∈ I;

(v) for A,B ⊆ X, we have A ∪B ∈ I ⇐⇒ A,B ∈ I.

Ideals are the dual notion of filters. Given A ⊆ X, the principal ideal at A is
the ideal

↓A = {B ⊆ X | B ⊆ A}.

Note that the complement of an ultrafilter U is an ideal.

The most important result concerning ultrafilters is the ultrafilter lemma. It
can be derived using the axioms of choice. It is the main way of constructing
nonprincipal ultrafilters. For a proof, see [30, Cor. II.1.13.5].

Lemma 2.4.19 (Ultrafilter lemma). Let X be a set, F be a filter on X and I
be an ideal on X such that F ∩ I = ∅. Then there exists an ultrafilter U on X
such that F ⊆ U and U ∩ I = ∅.

Example 2.4.20. Let FX denote the set of filters on a set X. Then F becomes
a functor as follows: given a function f : X → Y and F ∈ FX, let

Ff(F) = {B ⊆ Y | f−1B ∈ F}. (2.11)
2This condition is often split into two: if A ⊆ B ⊆ X and A ∈ F , then B ∈ F ; and if

A,B ∈ F , then A ∩B ∈ F . The equivalence between the two definitions is straightforward.
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It has a well-known monad structure, which we call the filter monad. The unit
sends x ∈ X to ↑{x}. Given F ∈ F2X, we have

µF
X(F) = {A ⊆ X | A♯ ∈ F} where A♯ = {F ∈ FX | A ∈ F}. (2.12)

Much like P, the monad F does not have rank. Its finitary part is Pf . The category
of F-algebras was identified by Day [16, Thms. 3.3 and 4.5] as the category of
continuous lattices and maps preserving directed joins and arbitrary meets.

Let F+X be the set of proper filters on a set X. It is easy to see that F+ is a
subfunctor of F. In fact, it is also a submonad, called the proper filter monad.
The unit of F already factors through F+. The multiplication becomes

µF+
X (F) = {A ⊆ X | A♯ ∩ F+X ∈ F}

for F ∈ (F+)2X. The resulting filter is proper, because ∅♯ = {PX} and hence
∅♯ ∩ F+X = ∅ /∈ F.

Example 2.4.21. Let UX denote the set of ultrafilters on a set X. Then U
becomes a submonad of F, which we call the ultrafilter monad. Its action
on morphisms and unit are the same as those of F, noting that they produce
ultrafilters. Given U ∈ U2X, then

µU
X(U) = {A ⊆ X | A♯ ∩ UX ∈ U}. (2.13)

Once again, U has no rank. Its category of algebras was famously identified by
Manes [50, Prop. 5.5] as the category CHaus of compact Hausdorff spaces, with
its natural underlying set functor. This is in stark contrast to the underlying set
functor Top → Set which is as far from being monadic as possible, since it induces
the identity monad. Thus the theory of compact Hausdorff spaces, unlike that of
all topological spaces, is an algebraic one, albeit far from being finitary.

Briefly, every point x of a topological space X has a neighbourhood filter Nx

consisting of all those subsets of X whose interior contains x. We say that an
ultrafilter U on X converges to x if Nx ⊆ U . The space X is Hausdorff iff every
ultrafilter converges to at most one point, and it is compact iff every ultrafilter
converges to at least one point. This shows how to equip a compact Hausdorff
space X with a U-algebra structure: to each U ∈ UX one assigns the unique
point of X to which U converges.
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Chapter 3

Cauchy density

In his influential 1973 article [43], Lawvere showed how metric spaces can be seen
as examples of categories enriched in the poset of extended reals R+ = ([0,∞],≥)
with its additive monoidal structure. This important example led to the definition
of the Cauchy completion of an enriched category, as a generalisation of the
completion of a metric space.

In page 155 of the same article, he gave a categorical characterisation of when
a short map of metric spaces has a topologically dense image. He defined a V-
functor F : A → B to be V-dense when the counit of the adjunction F∗ ⊣ F ∗ in
V-Prof is invertible. The term dense has since taken a different (although related)
meaning in category theory1, and so we instead use the term Cauchy dense to
refer to such V-functors, following Day [17, p. 428].

Throughout this chapter and unless otherwise specified, every category, func-
tor and natural transformation will be assumed to be V-enriched, where V is
a Bénabou cosmos, i.e. a complete and cocomplete symmetric monoidal closed
category. All Kan extensions will be assumed to be pointwise. We write
(−)0 : V-CAT → CAT for the underlying ordinary category 2-functor.

Lucatelli Nunes and Sousa [47] showed, using different terminology, that
Cauchy dense functors between small categories coincide with the cofully faithful
1-cells of V-Cat, as well as with the absolutely (co)dense functors. In particular,
every Cauchy dense functor is also dense. In Section 3.1, we review their charac-
terisation and streamline some of the proofs using the proarrow equipment point
of view. We will also briefly consider their behaviour under base change and the
corresponding notion for functors between large categories.

Section 3.2 focuses on those Cauchy dense functors which are also fully faith-
ful. These are exactly those 1-cells sent to equivalences by the pseudofunctor
(−)∗ : V-Cat → V-Prof. In the context of metric spaces, they correspond to em-
beddings of dense subspaces. Theorem 3.2.5 is the categorical generalisation of
the fact that the completion of a metric space is the largest space into which it
embeds as a dense subset. Such embeddings are replaced by fully faithful Cauchy
dense functors and the completion of a metric space is replaced by the Cauchy
completion of a category.

1Incidentally, the significance of categorical density in the setting of metric spaces does not
seem to have been considered in the literature.
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We also give a characterisation in Theorem 3.2.7 of fully faithful Cauchy
dense functors F : A → B as those for which [F, C] : [B, C] → [A, C] is an equiv-
alence for every Cauchy complete C. A closely related result appears in work
of Lucatelli Nunes, Prezado and Sousa [53, Thm. 2.5], of which the author was
unaware at the time of writing.

Section 3.3 studies Cauchy dense functors in a number of special cases. Cauchy
dense functors between one-object categories, i.e. monoids in V , are shown to
coincide with the epimorphisms of monoids when V = Set and V = Ab. This is
not the case in general, and a counterexample is provided where V the category of
finitary endofunctors of Set. With V = Set, we show that Cauchy dense functors
induce bijections between connected components, which allows us to characterise
those Cauchy dense functors whose domain is a groupoid. Lastly, Theorem 3.3.20
shows that the condition in the definition of Cauchy density can be replaced by
an apparently weaker one when working with split-full functors (Definition 3.2.2).

3.1 Cauchy dense functors
We begin by defining our object of study:

Definition 3.1.1 (Lawvere). A functor F : A → B between small categories is
Cauchy dense if the counit of the profunctor adjunction F∗ ⊣ F ∗ is an isomor-
phism, i.e. if for every b, b′ ∈ B the map

ϵb,b′ :
∫ a

B(Fa, b′)⊗ B(b, Fa) B(b, b′)

induced by the composition of B is an isomorphism in V .

Recall from Lemma 2.2.10 that asking that the unit of F∗ ⊣ F ∗ be an isomor-
phism is precisely asking that F be fully faithful. Being Cauchy dense is hence a
dual condition.

The term ‘Cauchy dense’ is taken from Day [17, p. 428], and motivated by
the following proposition.

Proposition 3.1.2. An R+-functor f : A→ B between classical metric spaces is
Cauchy dense iff its image is topologically dense in B.

Proof. The Cauchy density of f reduces to the condition

inf
a
(B(b, fa) +B(fa, b′)) = B(b, b′) ∀b, b′ ∈ B.

Taking b′ = b, we see that for any ϵ > 0 there is some a ∈ A with B(b, fa) < ϵ.
Hence, fA is dense in B.

Conversely, let b, b′ ∈ B and, for any ϵ > 0, take a ∈ A with B(b, fa) < ϵ.
Then

B(b, fa) +B(fa, b′) ≤ B(b, fa) +B(fa, b) +B(b, b′) < 2ϵ+B(b, b′).

Since ϵ can be made arbitrarily small, we conclude that f is Cauchy dense.
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For more general V , the Cauchy density of F : A → B does not only depend
on its image, although it does if V0 is a preorder (Proposition 3.3.1 below).

Just as full faithfulness is a self-dual condition, so is Cauchy density.

Proposition 3.1.3. A functor F : A → B is Cauchy dense iff F op : Aop → Bop

is.

Proof. For all a ∈ A and b, b′ ∈ B, consider the commutative diagram

B(Fa, b′)⊗ B(b, Fa) B(b, b′)

Bop(Fa, b)⊗ Bop(b′, Fa) Bop(b′, b),

MB

σ ∼=

MBop

where σ is the symmetry of V and MB and MBop are the composition of the
respective categories. The counit ϵF of F∗ ⊣ F ∗ is the map induced by the top
arrow as a varies, while the counit ϵF op of (F op)∗ ⊣ (F op)∗ is the map induced by
the bottom arrow. Clearly, ϵF is an isomorphism iff ϵF op is.

Since pseudofunctors preserve adjunctions, it is easy to say when a left adjoint
is Cauchy dense. In fact, thanks to the self-duality of Cauchy density, the same
applies to right adjoints:

Proposition 3.1.4. A functor with an adjoint (either left or right) is Cauchy
dense iff said adjoint is fully faithful.

Proof. If F : A → B has a right adjoint G, then F∗ ⊣ G∗ and F ∗ ∼= G∗, since
adjoints are unique up to isomorphism. The counit of the profunctor adjunction
F∗ ⊣ G∗ is given by ϵ∗, where ϵ is the counit of F ⊣ G. This is an isomorphism
iff ϵ is an isomorphism iff G is fully faithful. If F has a left adjoint, we apply this
argument to F op instead.

This proposition gives yet another proof of the folklore fact that, if H ⊣ F ⊣ G
is an adjoint triple of functors, then H is fully faithful iff G is, for both conditions
are equivalent to F being Cauchy dense.

Example 3.1.5. Any reflection and coreflection is Cauchy dense. Some examples
are the free functors Mon → Grp and Grp → Ab, the forgetful functor Top → Set,
and the completion functor from Met to its full subcategory on the complete
metric spaces. These categories are not small, but one can make sense of these
statements using the contents of Subsection 3.1.1 below.

Let us call a 1-cell of a 2-category cofully faithful if it is fully faithful as
a 1-cell of Kop (Definition 2.2.8). Explicitly, f : x → y is cofully faithful iff the
ordinary functors f ◦ : K(y, z) → K(x, z) are fully faithful for each z ∈ K. By the
dual of Lemma 2.2.9, F is Cauchy dense iff F∗ is cofully faithful as a 1-cell of
V-Prof. Since locally fully faithful pseudofunctors reflect (co)fully faithful 1-cells,
it follows that F is cofully faithful as a 1-cell of V-Cat. In fact, the converse is
also true. The next theorem follows from the stronger Theorem 5.6 of Lucatelli
Nunes and Sousa [47], although the proof here is independent.
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Theorem 3.1.6 (Lucatelli Nunes and Sousa). A 1-cell of V-Cat is cofully faithful
iff it is a Cauchy dense functor.

Proof. We have just seen the proof of the backwards implication in the previous
paragraph. For the forwards one, suppose F : A → B is cofully faithful as a 1-cell
of V-Cat. We must show that F∗ is cofully faithful as a 1-cell of V-Prof. Given
profunctors Φ,Ψ: B −7−→ C, we have

V-Prof(Φ,Ψ) ∼= [Cop ⊗ B,V ]0(Φ,Ψ)
∼= [B, [Cop,V ]]0(Φ,Ψ)
∼= [A, [Cop,V ]]0(Φ ◦ F,Ψ ◦ F )
∼= [Cop ⊗A,V ]0(Φ(−, F−),Ψ(−, F−))
∼= V-Prof(Φ(−, F−),Ψ(−, F−))
∼= V-Prof(Φ⊗ F∗,Ψ⊗ F∗) by (2.1),

where we have used Φ and Ψ to also denote the respective curried functors B →
[Cop,V ]. The third isomorphism follows from the fact that F is cofully faithful as
a 1-cell of V-Cat since, even though [Cop,V ] is not small, Φ and Ψ jointly factor
through some small subcategory because B is small.

Remark 3.1.7. The previous theorem can be interpreted as saying that the
pseudofunctor (−)∗ : V-Cat → V-Prof not only reflects, but also preserves cofully
faithful 1-cells. This is in stark contrast with the situation for fully faithful 1-
cells. Recall from Lemma 2.2.10 that a fully faithful 1-cell of V-Cat need not be
a fully faithful V-functor, but the latter condition is equivalent to F∗ being fully
faithful. This difference is explained by the absence of a formula like (2.1) for
F∗ ⊗−.

The isomorphism of sets

[B, [Cop,V ]]0(Φ,Ψ) [A, [Cop,V ]]0(Φ ◦ F,Ψ ◦ F )
∼=

in the proof of the previous theorem actually lifts to an isomorphism in V . Indeed,
the V-functor − ◦ F : [B, [Cop,V ]] → [A, [Cop,V ]] has a left adjoint LanF (since A
is small and [Cop,V ] is cocomplete). For such functors, the above isomorphism
of sets is enough to ensure an isomorphism in V , as shown by Kelly [33, p. 24].
Taking Φ and Ψ representable, it follows that F is Cauchy dense iff the V-functor
[F, C] : [B, C] → [A, C] (and not just the underlying ordinary functor) is fully
faithful for all small C. This recovers some of the remaining parts of Theorem 5.6
of Lucatelli Nunes and Sousa [47].

Their other characterisation of Cauchy dense functors is as the absolutely
(co)dense functors (Theorem 5.11 of the same article). Recall from Defini-
tion 2.2.11 that a functor F : A → B is dense if LanF F = 1B. It is absolutely
dense if, moreover, LanF F is an absolute left Kan extension. Similarly, F is
absolutely codense if RanF F = 1B is an absolute Kan extension. Once again,
we give a simplified proof here using the proarrow equipment (−)∗.
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Theorem 3.1.8 (Lucatelli Nunes and Sousa). The following are equivalent for
a functor F : A → B between small categories:

(i) F is Cauchy dense;

(ii) F is absolutely codense;

(iii) F is absolutely dense.

Proof. Let F be Cauchy dense and G : B → C. Then

ranF∗(G∗ ⊗ F∗) ∼= ranF∗(ranF ∗ G∗) by Lemma 2.2.3(iii)
∼= ranF∗⊗F ∗ G∗ by Lemma 2.2.3(iv)
∼= G∗ since F∗ ⊗ F ∗ ∼= 1.

Since all extensions of functors are understood to be pointwise and these are
exactly the ones preserved by (−)∗, this shows that F is absolutely codense.

Now suppose F is absolutely codense. Then F op : Aop → Bop is absolutely
dense. In particular, LanF op B(F−, b) ∼= B(−, b) for any b ∈ B. But this left Kan
extension is precisely (F∗ ⊗F ∗)(−, b) by (2.6) and this isomorphism is the counit
of F∗ ⊣ F ∗. Hence, F is Cauchy dense.

The proof that (i) and (iii) are equivalent is dual by Proposition 3.1.3.

Corollary 3.1.9. Let F : A → B be left adjoint to G. Then the following condi-
tions are equivalent:

(a) G is fully faithful;

(b) F is dense;

(c) F is absolutely dense;

(d) F is absolutely codense;

(e) F is Cauchy dense.

Proof. The counit of the Kan extension RanF F = FG→ 1B is the counit of the
adjunction by Lemma 2.2.3(iii), so (a) and (b) are equivalent. The remaining
conditions are equivalent to (a) by Proposition 3.1.4 and Theorem 3.1.8.

Unlike (co)dense functors, Cauchy dense functors are closed under composi-
tion. Parts (a) and (c) of the next proposition also follow from the characterisation
of Cauchy dense functors as the cofully faithful 1-cells of V-Cat.

Proposition 3.1.10. Let F : A → B and G : B → C be functors between small
categories.

(a) If F and G are Cauchy dense, then so is GF .

(b) If GF is Cauchy dense and G is fully faithful, then F is Cauchy dense.

(c) If GF and F are Cauchy dense, then so is G.
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Proof. The counit ϵGF of the profunctor adjunction (GF )∗ ⊣ (GF )∗ is the com-
posite

G∗ ⊗ F∗ ⊗ F ∗ ⊗G∗ G∗ ⊗G∗ 1C,
G∗ ⊗ ϵF ⊗G∗

ϵG

where ϵF and ϵG are the counits of F∗ ⊣ F ∗ and G∗ ⊣ G∗, respectively.
If ϵF and ϵG are isomorphisms, then so is ϵGF , giving (a). Similarly, if ϵF and

ϵGF are isomorphisms, then so is ϵG, giving (c).
For (b), note that for all b, b′ ∈ B we have a commutative square

∫ a B(Fa, b′)⊗ B(b, Fa) B(b, b′)

∫ a B(GFa,Gb′)⊗ B(Gb,GFa) C(Gb,Gb′).

ϵFb,b′

∫ a
G⊗G G

ϵGFGb,Gb′

If G is fully faithful, then the vertical arrows are isomorphisms. Hence, if ϵGF is
an isomorphism, so is ϵF .

The previous proposition shows that fully faithful Cauchy dense functors enjoy
the two-out-of-three property. Such functors will be the subject of Section 3.2.

Remark 3.1.11. If one removes from (b) the assumption that G is fully faithful,
then the result is no longer true, even if full faithfulness is replaced by Cauchy
density. An example can be easily found among functors between groups, since
for such functors Cauchy density is equivalent to surjectivity (i.e. fullness) by
Corollary 3.3.18 below.

If one removes from (c) the assumption that F is Cauchy dense, then the
result is no longer true. A counterexample can easily be found among functors
between discrete categories, since for such functors Cauchy density is equivalent
to bijectivity (on objects) by Corollary 3.3.19 below.

Any lax monoidal functor S : V0 → W0 gives a 2-functor S∗ : V-CAT →
W-CAT, often called base change. The next proposition gives some elemen-
tary results on how Cauchy density behaves under base change when S is strong
monoidal.

Proposition 3.1.12. Let S : V0 → W0 be a strong monoidal functor, and
F : A → B be a V-functor.

(a) If S is cocontinuous and F is Cauchy dense, then so is S∗F .

(b) If S reflects colimits and S∗F is Cauchy dense, then so is F .

Proof. For each b, b′ ∈ B and a ∈ A, we have a commutative triangle in W0

SB(Fa, b′)⊗ SB(b, Fa)

S(B(Fa, b′)⊗ B(b, Fa)) SB(b, b′),

MS∗Bµ ∼=

SMB
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where µ is the coherence isomorphism of S. For (a), the cowedge MB is a coend
cowedge. Since S is cocontinuous, so is SMB and MS∗B. For (b), the cowedge
MS∗B is a coend cowedge, and then so is SMB. Since S reflects colimits, MB is
also a coend cowedge.

Example 3.1.13. Let Ω = {⊥ < ⊤} denote the walking arrow category. The
representable functor Ω(⊤,−) : Ω → Set is readily seen to be strong monoidal.
Moreover, it reflects colimits, being fully faithful, so an order preserving map
f : A→ B between two Ω-enriched categories is Cauchy dense if the correspond-
ing functor Ω(⊤,−)∗f between preorders is Cauchy dense. The converse is not
true; see Subsection 3.3.2.

3.1.1 Between large categories
We conclude this section with some generalisations to large categories. For A
and B two not-necessarily-small categories, we say that F : A → B is Cauchy
dense if the coend ∫ a

B(Fa, b′)⊗ B(b, Fa)

exists and the map from it to B(b, b′) induced by the composition of B is an
isomorphism for all b, b′ ∈ B. Of course, this agrees with Definition 3.1.1 when A
and B are small, since V is cocomplete.

The proof of Proposition 3.1.3 still applies to this new definition, so that F
is Cauchy dense iff F op is. Note also that this coend is the pointwise formula for
LanF B(b, F−) evaluated at b′, so that its existence for all b′ gives the pointwise
existence of this left Kan extension.

In general, when A is large, there is no functor V-category [A,B], because
defining the V-object of V-natural transformations between two functors will in-
volve a large end. However, one can still generalise the parts of Theorem 3.1.8
that do not involve functor categories.

Theorem 3.1.14. The following are equivalent for a functor F : A → B between
(not necessarily small) categories:

(a) F is Cauchy dense;

(b) F is absolutely dense;

(c) F is absolutely codense.

Proof. We show that (a) and (c) are equivalent. The equivalence of (a) and (b)
will then follow from the fact that Cauchy density is a self-dual condition.

Let F be Cauchy dense and H : B → C be an arbitrary functor. We must
show that Hb satisfies the universal property of RanF HF evaluated at b for all
b ∈ B. Let c ∈ C. We have a series of natural isomorphisms

C(c,Hb) ∼= [B,V ](B(b,−), C(c,H−)) by Yoneda,
∼= [B,V ](LanF B(b, F−), C(c,H−)) since F is Cauchy dense,
∼= [A,V ](B(b, F−), C(c,HF−)) by the universal property of Lan.

45



Note that, a priori, only the first object of V listed exists, since the rest require
some weighted limit in V indexed by a large category. However, the series of
isomorphisms shows that, in fact, all of them exist. This proves that Hb satisfies
the defining universal property of {B(b, F−), HF}, which gives the value at b of
RanF HF .

Conversely, let F be absolutely codense. Then F op is absolutely dense, which
implies that LanF op B(F−, b′) = B(−, b′) for all b′ ∈ B. This is equivalent to
saying that F is Cauchy dense.

With this, Proposition 3.1.4 and Corollary 3.1.9 remain true for functors be-
tween large categories. This justifies the claims made in Example 3.1.5, since if
F has a left or right adjoint the relevant coends always exists.

Remark 3.1.15. With this definition of Cauchy density of functors between large
categories, one can try to remove the hypothesis in Proposition 3.1.10 that A, B
and C are small. Part (b) is still true, with the same proof. Parts (a) and (c)
hold as soon as A and B are small.

3.2 Fully faithful Cauchy dense functors
Given a metric space A, its completion A is the largest space into which A embeds
as a dense subset. In our language, this means that if f : A→ B is a fully faithful
Cauchy dense R+-functor, then B embeds into A. The main purpose of this
section is to generalise this fact to V-categories.

Given a small category A we write A for its Cauchy completion. It is the
full subcategory of [Aop,V ] on those presheaves that satisfy any of the equivalent
conditions in the next theorem, a proof of which can be assembled from the
contents of Kelly and Schmitt [35, §6], where they also cite Street [59].

Theorem 3.2.1 (Kelly and Schmitt, Street). Let A be a small category. For a
functor W : Aop → V, the following are equivalent:

(a) W is small-projective, i.e. [Aop,V ](W,−) preserves all small colimits;

(b) W is an absolute weight, i.e. W -weighted colimits are preserved by any
functor;

(c) W has a right adjoint in V-Prof when seen as profunctor 1 −7−→ A.

The category A is Cauchy complete if A coincides with A, or rather with
its image under the Yoneda embedding. Equivalently, A is Cauchy complete if
it has all colimits weighted by absolute weights. The name ‘Cauchy completion’
was suggested by Lawvere [43, §3], motivated by the fact that when A is a metric
space, its Cauchy completion A in the R+-enriched sense can be identified with
the familiar metric completion of A (the space of equivalence classes of Cauchy
sequences in A).

Our main theorem relates fully faithful Cauchy dense functors and Cauchy
completions. The key result that allows this, Lemma 3.2.3 below, actually holds
in slightly more generality for split-full Cauchy dense functors.
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Definition 3.2.2. A functor F : A → B is split-full if

Fa,a′ : A(a, a′) B(Fa, Fa′)

is a split epimorphism for all a, a′ ∈ A.

Assuming the axiom of choice, an ordinary functor is split-full iff it is full. For
different V , however, this is stronger than merely requiring Fa,a′ to be epic. For
example, if V0 is a preorder, then a V-functor is split-full iff it is fully faithful.

Lemma 3.2.3. Let A be a small category and F : A → B be a split-full Cauchy
dense functor. Then B(F−, b) : Aop → V lies in A for all b ∈ B.

Proof. We will show that B(F−, b) : 1 −7−→ A is left adjoint to B(b, F−) : A −7−→ 1 in
V-Prof. The unit is a morphism I →

∫ a B(Fa, b)⊗ B(b, Fa) in V , which we take
to be the composite

δ∗ = I B(b, b)
∫ a

B(Fa, b)⊗ B(b, Fa).jb ϵ−1
b,b

The counit has a component νa,a′ : B(b, Fa′)⊗B(Fa, b) → A(a, a′) for each a, a′ ∈
A, which we take to be the composite

νa,a′ = B(b, Fa′)⊗ B(Fa, b) B(Fa, Fa′) A(a, a′),MB F ra,a′

where F r
a,a′ is a right inverse to Fa,a′ .

We check one of the triangle identities, the other being exactly dual. For each
a ∈ A, consider the following diagram in V :

I ⊗ B(Fa, b) B(b, b)⊗ B(Fa, b)
∫ a′

B(Fa′, b)⊗ B(b, Fa′)⊗ B(Fa, b)

B(Fa, b)
∫ a′

B(Fa′, b)⊗ B(Fa, Fa′)

∫ a′

B(Fa′, b)⊗A(a, a′)

jb ⊗ 1

l

ϵ−1
b,b ⊗ 1

MB
∫
1⊗MB

i−1
∫
1⊗ F ra,a′

ϵFa,b

The arrow labelled l is the left unitor in V , and i is the isomorphism in the density
formula.

The triangle on the left commutes by unitality in B. The square commutes
since the same square with the top arrow replaced by its inverse commutes, by
associativity in B.

It remains to check the commutativity of the bottom triangle. The density
formula implies that ϵFa,b · (

∫
1⊗Fa,a′) = i, where we use · to denote composition

in V0. It follows that i−1 · ϵFa,b =
∫
1⊗ F r

a,a′ , as needed.
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This shows that (ν ⊗ B(F−, b)) · (B(F−, b) ⊗ δ) is the identity on B(F−, b),
thus establishing one of the triangle identities.

It is no coincidence that in the previous proof we have only used that ϵb,b
is invertible for all b ∈ B, rather than the full strength of Cauchy density, i.e.
that ϵb,b′ is invertible for all b, b′ ∈ B. For split-full functors, Cauchy density is
equivalent to this apparently weaker condition (Theorem 3.3.20).

By the characterisation of free cocompletions under classes of diagrams in
Theorem 2.2.15, the previous lemma shows that a fully faithful Cauchy dense
functor amounts to the inclusion of a category A into its free cocompletion under
a class of diagrams whose weights are absolute.

Remark 3.2.4. If one strengthens the hypotheses of Lemma 3.2.3 so that F is
fully faithful and Cauchy dense, then a simpler proof is possible through The-
orem 3.1.14, Avery and Leinster’s [8, Lem. 8.1] and Kelly and Schmitt’s [35,
Prop. 6.14]. In fact, from our lemma and the latter result, it follows that if F
is split-full and Cauchy dense, then B(F−, b) and B(b, F−) are a pair of Isbell
conjugate presheaves.

We are now ready to prove the universal property of the Cauchy completion
with respect to fully faithful Cauchy dense functors.

Theorem 3.2.5. Let A be a small category. Then A is the largest category
that admits a fully faithful Cauchy dense functor from A, i.e. for every fully
faithful Cauchy dense functor F : A → B there exists an essentially unique functor
(necessarily fully faithful) NF such that the triangle

A A

B
F

z

NF

commutes up to isomorphism, where z is the factorisation of the Yoneda embed-
ding. Moreover, the inclusion of A into any full subcategory of A containing the
representables is Cauchy dense.

Proof. We take NF (b) = B(F−, b), which by Lemma 3.2.3 lies in A. Then
NF (Fa) = B(F−, Fa) ∼= A(−, a) = za naturally in a ∈ A because F is fully
faithful, so the triangle in the statement commutes up to isomorphism. By The-
orem 3.1.8, F is dense, which is to say that NF is fully faithful.

Since NF reflects colimits, each object of B is an absolute colimit of objects
in the image of F . Any other functor N ′

F : B → A completing the triangle in the
statement preserves these colimits, and hence must be isomorphic to NF .

For the last statement, it suffices by Proposition 3.1.10(b) and Remark 3.1.15
to show that z is Cauchy dense. It is so, by Theorem 3.1.14, because it is abso-
lutely dense by the definition of A.

Avery and Leinster showed in [8, Cor. 8.3 and Thm. 8.4] that the reflexive
completion R(A) of a small category A is the largest category into which A
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admits an adequate functor, i.e. a functor F : A → B which is fully faithful,
dense and codense. Theorem 3.2.5 shows that the Cauchy completion admits a
similar description, where adequate functors are replaced by fully faithful Cauchy
dense functors. Since every Cauchy dense functor is dense and codense, it follows
that A ⊆ R(A), as Avery and Leinster have already shown [8, Prop. 10.1].

Corollary 3.2.6. Two small categories A and B are Morita equivalent, i.e. A ≃
B, iff there is a zigzag of fully faithful Cauchy dense functors connecting them.

Proof. If A and B are Morita equivalent, then A A ≃ B BzA zB gives the
desired zigzag.

Conversely, it suffices to show that if F : A → B is fully faithful and Cauchy
dense, then A ≃ B. Consider the following diagram of fully faithful functors:

A A

B B.

F

zA

NNF

NF

zB

NzBF

Note that NF and zBF are fully faithful and Cauchy dense by Proposi-
tion 3.1.10(b) and Remark 3.1.15, so NNF

and NzBF exist by Theorem 3.2.5. Then
NzBFNNF

and NNF
NzBF are isomorphic to the respective identities, because they

are so on representables and Cauchy completion is the free cocompletion with
respect to absolute colimits.

The next theorem gives an alternative way of identifying the fully faithful
Cauchy dense functors among the Cauchy dense ones, in view of Theorem 3.1.8.

Theorem 3.2.7. Let F : A → B be a functor between small categories. Then
F is fully faithful and Cauchy dense iff the functor [F, C] : [B, C] → [A, C] is an
equivalence for every Cauchy complete category C.

Proof. First assume that F is fully faithful and Cauchy dense. In the commutative
diagram

[B, C] [B, C]

[A, C] [A, C],

[NNF , C]

[zB, C]

[F, C]

[zA, C]

the horizontal arrows are equivalences by Kelly and Schmitt’s [35, 7.1], and so
is the left one by the proof of Corollary 3.2.6. Therefore, [F, C] must be an
equivalence too.

Conversely, consider the commutative diagram

A [Aop,V ]

B [Bop,V ],

yA

F F̂

yB
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where F̂ = LanyA yBF is the unique-up-to-isomorphism cocontinuous functor that
makes the diagram commute. In such cases, F̂ always has a right adjoint, which
sends P : Bop → V to [Bop,V ](yBF−, P ) (see e.g. Kelly’s [33, Thm 4.51]). By
Yoneda, this right adjoint is just [F op,V ]. Since V is complete, Vop is Cauchy
complete, so [F,Vop] is an equivalence, and then so is [F,Vop]op = [F op,V ]. Its
left adjoint, F̂ , must also be an equivalence. It follows that F is fully faithful.

Moreover, F̂ restricts to an equivalence between the full-subcategories of
small-projective objects, i.e. an equivalence F : A ≃ B. Since FzA ∼= zBF is
Cauchy dense and zB is fully faithful, Proposition 3.1.10(b) gives that F is Cauchy
dense.

A closely related characterisation of fully faithful Cauchy dense functors ap-
pears in work of Lucatelli Nunes, Prezado and Sousa [53, Thm. 2.5]. The author
was unaware of their result at the time of writing.

3.3 Special cases
This last section deals with special cases and characterisations of Cauchy dense
functors in different contexts.

3.3.1 When V0 is a preorder
In Proposition 3.1.2, we saw that for metric spaces Cauchy density reduces to
topological density. This condition quantifies over each point of the codomain,
instead of over each pair of points of the codomain, as Cauchy density does. If
V0 is a preorder, it turns out that one can always make this simplification.

Proposition 3.3.1. Let V0 be a preorder. A V-functor F : A → B is Cauchy
dense iff ϵb,b : (F∗⊗F ∗)(b, b) → B(b, b) is an isomorphism for all b ∈ B. Moreover,
whether F is Cauchy dense only depends on the image of its object mapping.

Proof. The forward implication is clear. Now assume that ϵb,b is an isomorphism
for all b ∈ B. Let b, b′ ∈ B and consider the following diagram in V0

∫ a B(Fa, b′)⊗ B(b, Fa) B(b, b′)

∫ a B(b, b′)⊗ B(Fa, b)⊗ B(b, Fa) B(b, b′)⊗ B(b, b).

ϵb,b′

1⊗ jb
∫ a

MB ⊗ 1

1⊗ ϵb,b

By assumption, the bottom arrow has an inverse, so we can compose with it to
get a morphism in the opposite direction to ϵb,b′ . Since V0 is a preorder, this
suffices to show that ϵb,b′ is an isomorphism.

For the last statement, note that since V0 is a preorder, coends are simply
suprema. Hence, whether ϵb,b′ is an isomorphism only depends on the action of
F on objects.

Remark 3.3.2. This is manifestly not true when V0 is not a preorder. The
diagram in the previous proof does not typically commute. For example, the
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identity-on-objects functor from the discrete category {⊥,⊤} to the preorder
Ω = {⊥ < ⊤} has ϵb,b an isomorphism for all b ∈ Ω, but is not Cauchy dense.
Nevertheless, there is a similar result for general V if one assumes that F is
split-full. This is the content of Subsection 3.3.5.

3.3.2 Between preorders

Let Ω be as in the previous remark, i.e. the walking arrow category, which is
cartesian closed. An Ω-category is a preorder, and an Ω-functor f : A→ B is an
order preserving map.

Proposition 3.3.3. An Ω-functor f : A→ B is Cauchy dense iff it is essentially
surjective.

Proof. Using Proposition 3.3.1, the condition that f be Cauchy dense translates
in this context to ∨

a

[(fa ≤ b) ∧ (b ≤ fa)] = ⊤, ∀b ∈ B.

This is equivalent to there being some a ∈ A such that fa ∼= b, in the sense that
fa ≤ b and b ≤ fa.

Of course, one can also view preorders as ordinary categories, instead of Ω-
categories. This is thanks to the strong monoidal functor Ω(⊤,−) : Ω → Set,
which gives an inclusion Ω-Cat ↪→ Cat. For ordinary functors between preorders
in Cat, Cauchy density is a stronger condition than for Ω-functors.

Proposition 3.3.4. An ordinary functor f : A→ B between preorders is Cauchy
dense iff

π0{a ∈ A | b ≤ fa ≤ b′} =
1 if b ≤ b′,

∅ otherwise.

Proof. Using the computation of coends in Set, we see that f is Cauchy dense iff
for all b, b′ ∈ B the obvious diagram

⊔
a≤a′

B(fa′, b′)×B(b, fa)
⊔
a

B(fa, b′)×B(b, fa) B(b, b′),

is a coequaliser diagram. Now consider the preorder (really, a double comma
category) b/f/b′ = {a ∈ A | b ≤ fa ≤ b′} ⊆ A in the statement. The above
coincides with the computation using coproducts and coequalisers of the colimit
of the functor b/f/b′ → Set constant at 1, which gives precisely the required
connected components.

It follows that Cauchy density is not preserved under base change in general.
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3.3.3 Between monoids in V

In this subsection we study the behaviour of Cauchy dense functors between
one-object V-categories, i.e. between monoids in V . We will temporarily relax
our assumptions: we only require that V be a monoidal category with reflexive
coequalisers, preserved by the monoidal product in each variable.

When specialised to monoids, the theory of profunctors becomes the familiar
theory of bimodules. For A,B ∈ V-Mon, a profunctor M : A −7−→ B amounts to
an (A,B)-bimodule. The composite of M with N : B −7−→ C is the tensor product
M ⊗B N : A −7−→ C which is given by the coequaliser in V of the pair

M ⊗B ⊗N M ⊗N,
ρM ⊗ 1

1⊗ λN
(3.1)

where ρM and λN are the right and left actions of B on M and N , respectively.
This coequaliser exists under our assumptions on V because this pair is reflexive:
a common section is constructed using the unit ηB : I → B. The tensor product
M⊗BN has a left A-action and right C-action because A⊗− and −⊗C preserve
this coequaliser. The notation M ⊗BN is borrowed from the V = Ab case, where
this is the familiar tensor product of the right B-module M with the left B-
module N . The (ordinary) category of (B,B)-bimodules becomes monoidal with
this tensor product, with the unitors corresponding to the isomorphisms of the
density formula.

Let f : A→ B be a morphism in V-Mon, seen as a functor between one-object
V-categories. The coend in Definition 3.1.1 then amounts to the tensor product
B ⊗A B, i.e. the coequaliser of

B ⊗ A⊗B B ⊗B ⊗B B ⊗B.
1⊗ f ⊗ 1 µB ⊗ 1

1⊗ µB

Since B has an associative multiplication, µB coequalises this pair, and hence
induces a unique morphism µ̂B : B ⊗A B → B in V , which actually lifts to a
morphism of (B,B)-bimodules. With this notation, f is Cauchy dense iff µ̂B is
an isomorphism. Note that µ̂B is always split epic: it has two canonical sections
given by the composites of the commutative pentagons

B B ⊗A A

B ⊗ A

B ⊗B B ⊗A B

r−1

1⊗ ηA

1⊗ f

1⊗ f

and

B A⊗A B

A⊗B

B ⊗B B ⊗A B,

l−1

ηA ⊗ 1

f ⊗ 1

f ⊗ 1

(3.2)

where r : B ⊗A A → B and l : A⊗A B → B are the left and right unitors in the
category of (A,A)-bimodules.
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Lemma 3.3.5. The following are equivalent for a morphism f : A → B in
V-Mon:

(a) f is Cauchy dense;

(b) the morphism µ̂B : B ⊗A B → B induced by µB is an isomorphism;

(c) the two sections (1⊗ f) · r−1 and (f ⊗ 1) · l−1 in (3.2) coincide.

Moreover, if these conditions hold, then f is an epimorphism in V-Mon. The
converse is true, at least when V is symmetric monoidal, A is commutative and
f is in the centre of B, i.e.

A⊗B B ⊗ A

B ⊗B B B ⊗B

σ

f ⊗ 1 1⊗ f

µB µB

commutes, where σ : A⊗B → B ⊗ A is the symmetry.

Proof. That (a) is equivalent to (b) follows from the fact that µ̂B is the unique
leg of ϵ in Definition 3.1.1. Writing η̂B = f : A → B for the unit of B as a
monoid in the category of (A,A)-bimodules, we see that the two sections in (c)
are exactly B ⊗A η̂

B and η̂B ⊗A B respectively. The equivalence of (b) and (c) is
then a general fact about monoids in a monoidal category.

To show that f is epic, let g, h : B → C be morphisms in V-Mon such that
gf = hf . This composite gives C a single (A,A)-bimodule structure, and g and
h become maps of (A,A)-bimodules. Let µ̂C : C ⊗A C → C be the morphism
induced by µC . Since g is a monoid map, g · µ̂B = µ̂C · (g ⊗ g). This gives

g = g · µ̂B · (1⊗ f) · r−1

= µ̂C · (g ⊗ g) · (1⊗ f) · r−1

= µ̂C · (g ⊗ gf) · r−1

= µ̂C · (g ⊗ hf) · r−1

= µ̂C · (g ⊗ h) · (1⊗ f) · r−1.

Similarly, we have h = µ̂C · (g ⊗ h) · (f ⊗ 1) · l−1. If (c) holds, then we must have
g = h, as needed.

Lastly, if V is symmetric monoidal, A is commutative and f is in the centre
of B, then B ⊗A B is actually a monoid, and the two maps whose equality is
asserted in (c) are monoid maps. Moreover, f equalises them, so that if f is an
epimorphism in V-Mon then (c) holds.

Remark 3.3.6. That Cauchy dense maps of monoids are epimorphisms does
not immediately follow from the fact that Cauchy dense ordinary functors are
cofully faithful in V-Cat. For example, for V = Set, that only ensures that if
g, h : B C ∈ Mon are such that gf = hf , then there is an invertible u ∈ C
such that ug(b) = h(b)u for all b ∈ B.
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Corollary 3.3.7. If V is symmetric monoidal, the epimorphisms in V-CMon are
precisely the Cauchy dense morphisms.

It turns out that for V = Ab and V = Set, this is true in the category of
all monoids, not just the commutative ones. The case V = Ab follows from the
following proposition of Silver [56, Prop. 1.1] whose proof is omitted.

Proposition 3.3.8 (Silver). A morphism f : R → S in Ring = Ab-Mon is an
epimorphism iff the map S ⊗R S → S induced by the multiplication of S is an
isomorphism, i.e. iff f is Cauchy dense.

Corollary 3.3.9. A morphism f : A → B in Mon is an epimorphism iff it is
Cauchy dense.

Proof. The backwards implication is part of Lemma 3.3.5, so we prove the for-
wards one. The free abelian group functor F : Set → Ab is a strong monoidal left
adjoint. Moreover, it reflects isomorphisms by Proposition 2.4.11. Being addition-
ally cocontinuous, it reflects all colimits which exist in Set, i.e. all small colimits.
On categories of monoids, F induces the free ring functor F∗ : Mon → Ring, which
is again a left adjoint. If f : A→ B in Mon is an epimorphism, then so is F∗f . By
Proposition 3.3.8, F∗f is Cauchy dense, and then so is f by Proposition 3.1.12.

Silver’s result and its corollary give a representation theoretic understanding
of epimorphisms of rings and monoids. Indeed, by Theorem 3.1.8, a map of rings
f : R → S is an epimorphism iff the restriction of scalars functor f ∗ : S-Mod →
R-Mod is fully faithful, and similarly for monoid maps.

The coincidence of the epimorphisms in V-Mon and the Cauchy dense functors
does not hold for a general monoidal V with reflexive coequalisers preserved by
the product in each variable. We will provide a counterexample taking V to be
the category F of finitary endofunctors of Set, with its monoidal structure given
by composition. Monoids in V are then finitary monads on Set.

Before giving the counterexample, however, we give a more general charac-
terisation of Cauchy dense maps of monads. Let A be a cocomplete ordinary
category. Then [A,A] is cocomplete and strict monoidal under composition.
Since colimits of functors are computed objectwise, −◦F preserves them for any
F ∈ [A,A]. However, F ◦ − need not preserve reflexive coequalisers, so that
[A,A] does not satisfy our base assumptions for V . A way to fix this is passing to
the full subcategory [A,A]rc of endofunctors which preserve reflexive coequalisers.
Then [A,A]rc-Mon is the category of reflexive-coequaliser-preserving monads on
A.

Remark 3.3.10. If A is large, the category [A,A]rc may not be locally small.
In practice, we will take an even smaller subcategory, such as the category of
finitary endofunctors of Set (see Proposition 3.3.12).

Theorem 3.3.11. Let θ : S → T be a map of monads on a cocomplete ordinary
category A such that T preserves reflexive coequalisers. Let U θ : AT → AS be the
corresponding algebraic functor. Then θ is Cauchy dense iff U θ is fully faithful.
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Proof. By Theorem 2.4.4, U θ has a left adjoint F θ. Its value at (A,α) ∈ AS is
given by the reflexive coequaliser in AT

(TSA, µTSA) (T 2A, µTTA) (TA, µTA) F θ(A,α).TθA

Tα

µTA (3.3)

Since A has and T preserve reflexive coequalisers, reflexive coequalisers in AT

are created (and hence preserved) by UT . In particular, applying UT to (3.3), it
remains a coequaliser diagram. Taking (A,α) to be U θF TA = (TA, µTA · θTA) ∈
AS, we see that UTF θU θF TA is the coequaliser in A of the pair

TSTA T 3A T 2A.
TθTA

µTTA

TµTA

This is precisely the value of T ⊗S T at A. Since colimits of endofunctors of A
are computed pointwise, this shows that T ⊗S T ∼= UTF θU θF T . One checks that
the natural transformation T ⊗S T → T induced by µT becomes UT ϵF T under
this identification, where ϵ is the counit of F θ ⊣ U θ.

By definition, θ is Cauchy dense iff UT ϵF T is an isomorphism. Since UT

reflects isomorphisms, this is equivalent to ϵF T being an isomorphism. This
means that for each A ∈ A and B ∈ AT , the functor U θ gives a bijection

AT (F TA,B) ∼= AS(U θF TA,U θB). (3.4)

In fact, this is further equivalent to U θ being fully faithful. Every (A,α) ∈ AT

is the coequaliser of a UT -split pair F TTA⇒ F TA, which we denote as a diagram
in AT by Pα. Then

AT ((A,α), B) ∼= AT (colimPα, B)
∼= limAT (Pα, B)
∼= limAS(U θPα, U

θB)
∼= AS(colimU θPα, U

θB)
∼= AS(U θ colimPα, U

θB)
∼= AS(U θ(A,α), U θB),

where the third isomorphism follows from (3.4) and the fact that the objects in
the image of Pα are free T -algebras, and the fifth is the fact that U θ preserves UT -
split coequalisers by Proposition 2.4.3. Of course, if U θ is fully faithful, then (3.4)
holds.

The maps of monads θ : S → T such that U θ is fully faithful were called
dense by Karazeris and Velebil [32]. The previous theorem then shows that this
is equivalent to θ being Cauchy dense, at least when restricting to the reflexive-
coequaliser-preserving monads.

The prime context in which Theorem 3.3.11 applies is when taking V to be
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the category of sifted-colimit-preserving endofunctors of a locally strongly finitely
presentable category under composition – see Lack and Rosický’s treatment in [40,
§4]. A locally strongly finitely presentable category is, up to equivalence, the free
cocompletion of a small category under sifted colimits. This ensures that such
a V is locally small, cocomplete and has a monoidal product which preserves
sifted-colimits (and in particular reflexive coequalisers) in each variable.

To find an epimorphism of monads which is not Cauchy dense, we will take
V to be F , the category of finitary endofunctors of Set. Since the inclusion
J : FinSet → Set is a free cocompletion under filtered colimits, F is equivalent
to [FinSet, Set] (through restriction and left Kan extension) and hence it is a
complete and cocomplete locally small category. Since colimits commute with
colimits, a colimit in [Set, Set] of finitary endofunctors is finitary, so it is reflected
to a colimit in F . This shows that colimits in F are computed as in [Set, Set],
i.e. objectwise. Monoids in F are, by definition, finitary monads on Set.

To use Theorem 3.3.11, and for F to satisfy our base assumptions for V , we
need the following result. The strategy for the proof is due to Kelly and Schmitt,
as they explain after Observation 8.13 in [35].

Proposition 3.3.12. The inclusion J : FinSet ↪→ Set is a free cocompletion under
sifted colimits. In particular, finitary endofunctors of Set coincide with those
preserving sifted colimits, and hence preserve reflexive coequalisers.

Proof. The doctrine of finite products is sound, as stated by Adámek, Borceux,
Lack and Rosický in [1, Ex. 2.3(ii)]. By their Proposition 3.3, the free cocomple-
tion of a small category A under sifted colimits is the Yoneda embedding of A
into the category of sifted-flat presheaves Aop → Set. By their Theorem 2.4, if
Aop has finite products, then this is just the category of finite-product-preserving
functors Aop → Set, denoted by [Aop, Set]fp.

Now, FinSetop has finite limits, so its free cocompletion under sifted colimits is
y : FinSet ↪→ [FinSetop, Set]fp. But FinSet is the free cocompletion of the terminal
category 1 under finite coproducts, so

[FinSetop, Set]fp ≃ [1, Set] = Set.

The equivalence is given by evaluating at the singleton set, so that y becomes J ,
as required.

Since J is also a free cocompletion under filtered-colimits, every finitary endo-
functor F of Set is isomorphic to LanJ F ′ for some F ′ : FinSet → Set. By the first
result, LanJ F ′ preserves sifted colimits. Clearly, every sifted-colimit-preserving
functor is finitary.

Lastly, we need the following characterisation of epimorphisms of finitary mon-
ads on Set. It is a special case of Karazeris and Velebil’s [32, Prop. 5.1].

Proposition 3.3.13 (Karazeris and Velebil). A morphism θ : S → T of finitary
monads on Set is an epimorphism iff U θ is injective on objects.

We are now ready for our counterexample, which simply builds Karazeris and
Velebil’s Example 5.3.
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Example 3.3.14. The forgetful functor from the category of monoids to the
category of semigroups is the algebraic functor corresponding to a monad mor-
phism θ : S → T , where S and T are the free semigroup and free monoid monad,
respectively.

A semigroup may have at most one identity, and so at most one monoid
structure. Thus, U θ is injective on objects and, by the previous proposition, θ is
an epimorphism.

However, U θ is not fully faithful. For example, let X = {0, 1} seen as a
multiplicative submonoid of N. The function X → X which is constant at 0 is
a map of semigroups, but not of monoids. By Theorem 3.3.11, θ is not Cauchy
dense.

3.3.4 Connected components
This subsection focuses on the V = Set case. In particular, we will show that a
Cauchy dense ordinary functor induces a bijection between the sets of connected
components. In this subsection, we will write π0 : Cat → Set for the connected
components functor.

Theorem 3.3.15. Let F : A → B be a Cauchy dense ordinary functor. Then
π0F is bijective.

Proof. First, assume F is bijective-on-objects, and write F−1 for the inverse of
its object function. Let b, b′ ∈ B. The coend (F∗ ⊗ F ∗)(b, b′) can be written as a
disjoint union of coends, one for each connected component of A:

(F∗ ⊗ F ∗)(b, b′) =
⊔

C∈π0A

∫ a∈C
B(Fa, b′)× B(b, Fa). (3.5)

A simple way to see this is that the functor that sends a category C to the opposite
of its subdivision category, in the terminology of Mac Lane [48, p. 224], preserves
coproducts.

We will show that a and a′ are connected in A iff Fa and Fa′ are connected
in B. The forward implication is true for any functor. Now suppose there is
a morphism f : Fa → Fa′ in B. We have two equivalence classes [f, 1Fa] and
[1Fa′ , f ] in (F∗ ⊗ F ∗)(Fa, Fa′) which are mapped to f by ϵFa,Fa′ . Since F is
Cauchy dense, they must actually be the same equivalence class. In particular,
[f, 1Fa] and [1Fa′ , f ] must lie in the same component of the disjoint union in (3.5),
i.e. a and a′ are connected. If instead of a morphism Fa→ Fa′ there is a zigzag
of morphisms, one can apply the same argument to each morphism in the zigzag
to conclude that a and a′ are connected. Since F is bijective-on-objects, it follows
that π0F is bijective.

Now we relax the assumption that F is bijective-on-objects. Write A G−→
imF

H−→ B for the factorisation of F into a bijective-on-objects functor followed by
a fully faithful one. By Proposition 3.1.10(b), sinceH is fully faithful, G is Cauchy
dense, and then H is Cauchy dense by part (c) of the same proposition. We have
already shown that π0G is bijective. By Theorem 3.2.5, B is a full subcategory of
the idempotent completion imF of imF containing imF itself. In other words,
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the objects of B include all of imF and the splitting of some (but possibly not
all) idempotents in imF . Splitting certain idempotents does not change the
connected components of imF , so we conclude that π0H is bijective.

Note that the conclusion of the previous theorem fails if we replace the Cauchy
dense functor F by a merely (co)dense one, even if we ask that it be fully faithful.
A simple example is given by freely adjoining the (co)product of the two objects
in the discrete category 2.

Corollary 3.3.16. An ordinary Cauchy dense functor F : A → B can be written
as ⊔i Fi : ⊔iAi →

⊔
i Bi where each Fi is Cauchy dense and each Ai and Bi are

connected. Conversely, a functor of the form ⊔
iGi is Cauchy dense iff each Gi

is Cauchy dense.

Proof. Since π0F is a bijection, F = ⊔
i∈π0A Fi where Fi is the restriction of F to

i ∈ π0A factorised through π0F (i) ∈ π0B. It is easy to see that each Fi is Cauchy
dense if F is from (3.5). Similarly, it is clear that a disjoint union of Cauchy
dense functors is Cauchy dense.

Proposition 3.3.17. Let f : A→ B be a monoid homomorphism with A a group.
Then f is Cauchy dense iff it is surjective. If this is the case, then B is also a
group.

Proof. By Lemma 3.3.5, f is Cauchy dense iff, for all b ∈ B, (b, 1) and (1, b) in
B×B become related under the quotient map to B⊗AB. This is the quotient by
the equivalence relation generated by setting (bf(a), b′) ∼ (b, f(a)b′) for all a ∈ A
and b, b′ ∈ B.

Since A has an identity element, ∼ is reflexive. It is also transitive, because
we can compose in A. Lastly, since A is a group we have

(b, f(a)b′) = (bf(a)f(a−1), f(a)b′) ∼ (bf(a), f(a−1)f(a)b′) = (bf(a), b′),

so ∼ is also symmetric. Thus, ∼ is already an equivalence relation.
Hence, f is Cauchy dense iff for all b ∈ B we have (b, 1) ∼ (1, b), iff for all

b ∈ B there is some a ∈ A such that b = f(a).

Corollary 3.3.18. A functor whose domain is a groupoid is Cauchy dense iff it
is equivalent to a disjoint union of surjective group homomorphisms.

Proof. Corollary 3.3.16 reduces our task to showing that a Cauchy dense functor
whose domain is a group must be equivalent to a surjective group homomorphism.

Let F : A→ B be Cauchy dense, with A a group, and let A G−→ imF
H−→ B be

its factorisation into a bijective-on-objects functor followed by a fully faithful one.
As before, both G and H are Cauchy dense because F is. By Proposition 3.3.17,
G is a surjective group homomorphism. By Theorem 3.2.5, B is equivalent to
a full subcategory of the idempotent completion of imF containing imF . Since
imF is a group, it is already idempotent complete, so H must be an equivalence.
Thus, F is equivalent to a surjective group homomorphism.

Corollary 3.3.19. A Cauchy dense functor whose domain is discrete is an equiv-
alence.
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3.3.5 Split-full Cauchy dense functors
We conclude by showing that for split-full functors, much like when V0 is a pre-
order, Cauchy density is equivalent to an apparently much weaker condition. This
simplifies checking the hypotheses of Lemma 3.2.3. The proof, which is straight-
forward when V = Set, is slightly more involved in the general case. Note that in
the simpler condition below we quantify over a single b ∈ B, instead of a pair of
them, and we ask for a split epimorphism, rather than an isomorphism.

Theorem 3.3.20. Let A be a small V-category, and F : A → B be a split-full
functor. Then F is Cauchy dense iff

ϵb,b :
∫ a

B(Fa, b)⊗ B(b, Fa) B(b, b)

is a split epimorphism for all b ∈ B.

Proof. The forward implication is obvious, so we prove converse.
For b0, . . . , bn ∈ B, we will use the abbreviation

B(b0, . . . , bn) := B(bn−1, bn)⊗ · · · ⊗ B(b0, b1).

We write Mb1 : B(b0, b1, b2) → B(b0, b2) for the composition map, and similarly
for longer tuples.

Let b, b′ ∈ B. First, we will show that ϵb,b′ is a split epimorphism. The square
∫ a

B(b, Fa, b, b′) B(b, b, b′)

∫ a

B(b, Fa, b′) B(b, b′)

1⊗ ϵb,b

∫ a
Mb Mb

ϵb,b′

commutes by associativity in B. Now, 1⊗ ϵb,b is a split epimorphism by assump-
tion, and so is Mb by the right unit axiom in B. It follows that ϵb,b′ is also a split
epimorphism.

It now suffices to show that ϵb,b′ is monic. The diagram

B(Fa, b′)⊗A(a′, a)⊗ B(b, Fa′)

B(b, Fa′, Fa, b′) B(b, Fa′, b′)

B(b, Fa, b′)
∫ a

B(b, Fa, b′)

1⊗ Fa′,a ⊗ 1
MFa

MFa′
ca′

ca

commutes when c is a cowedge, and in particular when c is the coend cowedge.
Since 1 ⊗ Fa′,a ⊗ 1 has a right inverse by assumption, the square alone also
commutes. Seeing each of the composites in the square as an appropriate cowedge
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shows that the two maps
∫ a

B(b, Fa, b′)∫ a,a′

B(b, Fa′, Fa, b′) ∫ a′

B(b, Fa′, b′)

∫ a 1⊗ ϵb,Fa

∫ a′
ϵFa′,b′ ⊗ 1

coincide.
The naturality of ϵ ensures that the two squares in the diagram

∫ a,a′

B(b, Fa′, b, Fa, b′)

∫ a

B(b, b, Fa, b′)
∫ a′

B(b, Fa′, b, b′)∫ a,a′

B(b, Fa′, Fa, b′)

∫ a

B(b, Fa, b′)
∫ a′

B(b, Fa′, b′)

∫ a 1⊗ ϵb,b ∫ a,a′
Mb

∫ a′
ϵb,b′ ⊗ 1

∫ a
Mb

∫ a′
Mb∫ a 1⊗ ϵb,Fa

∫ a′
ϵFa′,b′ ⊗ 1

commute, so that the whole diagram commutes. Distributing tensors over coends,
the top leftmost map may in fact be written as 1 ⊗ ϵb,b, and the top rightmost
map is just ϵb,b′ ⊗1. Both maps on the left-hand side have right inverses. Writing
ϵrb,b for a right inverse to ϵb,b, the composite

∫ a

B(b, Fa, b′)
∫ a

B(b, Fa, b′)⊗ I
∫ a

B(b, b, Fa, b′)

∫ a′

B(b, Fa′, b′)
∫ a′

B(b, Fa′, b, b′)
∫ a,a′

B(b, Fa′, b, Fa, b′)

r−1 1⊗ jb

1⊗ ϵrb,b∫ a′
Mb ϵb,b′ ⊗ 1

is the identity, where r is the right unitor of V . Then, for any morphism x : X →∫ a B(b, Fa, b′), we have

x =
(∫ a′ Mb

)
· (ϵb,b′ ⊗ ϵrb,bjb) · r−1 · x

=
(∫ a′ Mb

)
· (ϵb,b′ ⊗ ϵrb,bjb) · (x⊗ 1) · r−1

=
(∫ a′ Mb

)
· (ϵb,b′x⊗ ϵrb,bjb) · r−1.

In particular, x is determined by ϵb,b′x, so ϵb,b′ is monic.

Of course, a split-full Cauchy dense functor may not be fully faithful. For
example, a surjective group homomorphism is split-full and Cauchy dense (by
Corollary 3.3.18), but only fully faithful if it is an isomorphism.
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Chapter 4

Pushforward monads

The question of how a monad T on a category A can be transported along a
functor G : A → B to produce a monad on B has a well-known answer when G
has a left adjoint F . If so, GTF has a monad structure induced from that of T
and the adjunction. There is a lesser-known, more general answer however: even
if G is not a right adjoint, the right Kan extension of GT along T , when it exists,
has a monad structure. The monad obtained thus is the pushforward of T along
G, which we denote by G♯T . This notion of pushforward monad can be traced
back to Street’s seminal paper [58, p. 155], but has received little attention since.
In this chapter, we explore the general properties of this construction, both in the
setting of monads in a 2-category and in that of monads in CAT, the 2-category
of locally small categories.

Pushforward monads generalise the concept of codensity monads, which cor-
respond to the case where T is the identity monad on A. This case has been
extensively studied, with the most famous example being the codensity monad of
the inclusion FinSet ↪→ Set. Kennison and Gildenhuys [37, p. 341] showed that
this is the ultrafilter monad, which had been identified by Manes [50, Prop. 5.5] as
the monad for compact Hausdorff spaces. This is a remarkable fact: the theory of
compact Hausdorff spaces is obtained from the concept of finite set through some
general categorical machinery, without any mention of topology. An account of
this and related results was given by Leinster [45]. Other well-known codensity
monads of functors without a left adjoint include:

• The codensity monad of the inclusion of finite groups into groups is the
profinite completion monad, whose algebras are profinite groups, or equiv-
alently, totally disconnected compact Hausdorff topological groups.

• The codensity monad of the inclusion of finite rings into rings is again the
profinite completion monad, whose algebras are profinite rings. These are
all the compact Hausdorff topological rings, which are automatically totally
disconnected. This and the previous result can be found in Devlin’s PhD
thesis [19, Thms. 10.1.30 and 10.2.2].

• The Giry monad, which sends a measurable space to the space of all prob-
ability measures on it, is the codensity monad of the inclusion of a cer-
tain (not full) subcategory of the category of measurable spaces. This and
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a number of similar results applying to other probability monads can be
found in work of Avery [7, Thm. 5.8] and Van Belle [62].

• If T is a finitary monad on Set, then the codensity monad of the inclusion
FinFam((SetT )op) ↪→ Fam((SetT )op) of the free finite coproduct cocomple-
tion of (SetT )op into its free coproduct cocompletion gives the ultraproduct
monad of model theory, whose algebras are sheaves of T -algebras on com-
pact Hausdorff spaces (see Section 6.2).

All of these are examples of straightforward functors whose codensity monad
give interesting, nontrivial theories. Pushforward monads add a new axis to this
list, so that one can now vary both the functor and the monad on the domain
being pushed forward.

In Section 4.1, we develop the theory of pushforward monads in a general
2-category, starting from their construction. It includes a universal property
satisfied by pushforwards with respect to lax monad functors (Theorem 4.1.5),
which was first stated by Street [58, Thm. 5]. This allows us not only to see
codensity monads as special cases of pushforwards, but also vice versa.

Section 4.2 identifies a new kind of universal property of pushforwards with
respect to colax monad functors (Corollary 4.2.6), which later allows us to gener-
alise some ideas already present in Adámek and Sousa’s work on D-ultrafilters [3]
(Example 4.3.15(ii)).

In Section 4.3, we specialise these results to the 2-category CAT. We give
sufficient conditions for the existence of pushforwards (Proposition 4.3.5) and for
the possibility of their iteration (Proposition 4.3.6). One remarkable consequence
of the results in the previous two sections is the existence of two adjunctions be-
tween categories of monads, the most important one being the content of Theo-
rem 4.3.11. A particular instantiation of this adjunction shows that the concept of
the pseudoconstants of a theory appears naturally from the consideration of push-
forwards along Set≥1 ↪→ Set (Example 4.3.14). The last subsection shows that
codensity monads are stable in a suitable sense under limit completions (Propo-
sition 4.3.17), and relates them to Diers’s theory of multiadjunctions [21, 23],
and Tholen’s C-pro-adjunctions [61]. This allows us, for example, to identify the
category of algebras of the codensity monad of the inclusion Field ↪→ CRing as
the free product completion of the category of fields (Example 4.3.23(i)).

4.1 Pushforward monads
In this section, we spell out the construction of the pushforward of a monad and
give its general properties. Although it is largely expository, some of the results
here, such as Lemmas 4.1.4 and 4.1.7, do not seem to have appeared in print.

We work in the setting of a 2-category K, although from Section 4.3 onwards
we will take K to be CAT. The pushforward construction makes sense in any
bicategory, but we will do everything in the strict case for simplicity without any
loss of generality. We use the same notation as in Section 2.1, i.e. α · β for the
vertical composite of two 2-cells α and β, and αβ for their horizontal composite.
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Given a 0-cell z and a 1-cell g : x→ y in K, recall that we write g◦ : K(z, x) →
K(z, y) and g◦ : K(y, z) → K(x, z) for the functors given by composing with g on
the left and on the right, respectively. Given a monad t on x, and taking z = y,
we can form the comma category g◦↓gt whose objects are pairs (s, σ) such that
s ∈ K(y, y) and σ : sg → gt.
Proposition 4.1.1. Let t be a monad on x, and g : x → y be a 1-cell. The
comma category g◦↓gt admits a strict monoidal structure such that the forgetful
functor g◦↓gt→ K(y, y) is strict monoidal.
Proof. Given two objects (s, σ) and (s′, σ′) of g◦↓gt, we define (s′, σ′)⊗ (s, σ) to
be the composite

x y

x y

x y.

g

t

t

s
σ

g

t

µt

s′
σ′

g

The monoidal unit is simply gηt : g → gt. A routine calculation shows that the
axioms for a strict monoidal category follow from the axioms for the monad t.
That the forgetful functor g◦↓gt→ K(y, y) is strict monoidal is clear.

A right extension of gt along g is precisely a terminal object of g◦↓gt. As the
terminal object of a monoidal category, it has a unique monoid structure. Taking
its image under the forgetful functor g◦↓gt → K(y, y) gives a monoid in K(y, y),
i.e. a monad on y.
Definition 4.1.2. Let t be a monad on x and g : x → y be a 1-cell. The push-
forward of t along g is the right extension of gt along g, with its canonical monad
structure described above. When it exists, we denote it by g♯t.

We can give a more explicit description of the monad structure of g♯t. Let
(g♯t, ϵ) be a right extension of gt along g, as depicted by the diagram

x y

x y.

g

t g♯t
ϵ

g

We call ϵ the counit of the pushforward g♯t. The unit and multiplication of g♯t
are the unique 2-cells ηg♯t and µg♯t making

g

(g♯t)g gt

(ηg♯t)g gηt

ϵ

and

(g♯t)2g (g♯t)gt gt2

(g♯t)g gt

µg♯tg

(g♯t)ϵ ϵt

gµt

ϵ

(4.1)
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commute. Note that the commutativity of these diagrams means that (g, ϵ) is a
lax monad functor (x, t) → (y, g♯t).

Examples 4.1.3.

(i) If g : x → y is right adjoint to f , with unit δ and counit ν, recall from
Lemma 2.2.3(iii) that the right extension of a 1-cell h : x → z along g is
(hf, hν). In particular, g♯t = gtf , with its well-known monad structure:

ηg♯t = gηtf · δ and µg♯t = gµtf · gtνtf.

(ii) The pushforward of the identity monad along g is the codensity monad
of g. In this case, the underlying endofunctor of the monad is the right
extension of g along itself. By the previous example, the codensity monad
of a right adjoint is the monad induced by the adjunction.

(iii) Let 1 be the terminal category. There is a unique monad on 1, namely
the identity monad. A functor G : 1 → A corresponds to an object x of
A. If A is locally small and has Set-indexed powers, then the codensity
monad of G is given by a 7→ xA(a,x). This is the endomorphism monad
of x, introduced in Example 2.4.15 for A = Set. Proposition 4.1.5 and
the discussion following it show that for any monad T on A, the T -algebra
structures on x correspond to monad maps from T to the endomorphism
monad of x.

(iv) Let V be a monoidal category. Monads in the one-object bicategory BV are
monoids in V , and right extension along an object x ∈ V is by definition
a right adjoint to − ⊗ x. If m is a monoid, and − ⊗ x ⊣ [x,−], then the
pushforward x♯m is [x, x⊗m], with unit and multiplication the respective
transposes of

x

x⊗m

x⊗ ηm and

[x, x⊗m]⊗ [x, x⊗m]⊗ x

[x, x⊗m]⊗ x⊗m

x⊗m⊗m

x⊗m.

[x, x⊗m]⊗ evx⊗m

evx⊗m ⊗m

x⊗ µm

The pushforward construction is functorial in the monad argument. In fact,
the induced functor between categories of monads is as continuous as the 1-
cell along which one pushes forward, as shown by the next lemma. It is not
quite functorial in the 1-cell argument, but it does preserve composition laxly
(Lemma 4.1.7). Recall that we write Mndx for the category of monads on a 0-cell
x of K and monad maps between them (Definition 2.3.3).
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Lemma 4.1.4. Let g : x → y be a 1-cell. Then g♯ is a functor Mndx → Mndy
insofar as it is defined. Moreover, g♯ preserves the limit of any diagram D : I →
Mndx such that g◦ preserves the limit of I D−→ Mndx → K(x, x).

Proof. Let t and s be monads on x such that g♯t and g♯s exist, with counits ϵt
and ϵs respectively. Given θ ∈ Mndx(t, s), there is a unique 2-cell g♯θ : g♯t → g♯s
such that ϵs · (g♯θ)g = gθ · ϵt. This is a monad map: the equation

ϵs · (g♯θ · ηg♯t)g = gθ · ϵt · ηg♯tg (4.1)= gθ · gηt (θ.η)= gηs
(4.1)= ϵs · ηg♯sg

implies that g♯θ ·ηg♯t = ηg♯s by uniqueness of factorisations through ϵs. The proof
that g♯θ is compatible with the multiplication is similar. As is often the case, the
uniqueness of g♯θ guarantees functoriality.

For the statement about of limits, recall that the functor Ux : Mndx → K(x, x)
creates limits by Lemma 2.3.6. Let λ : l → D be a limit cone. Then
g◦Uxλ : g◦Uxl → g◦UxD is a limit cone in K(x, y) by assumption. Since rang is a
partial right adjoint to g◦, it preserves limits whenever it is defined, so rang g◦Uxλ
is still a limit cone. This is precisely the image under Uy : Mndy → K(y, y) of the
cone g♯λ : g♯l → g♯D, which is then a limit cone since Uy reflects limits.

Pushforward monads were first introduced by Street in [58, p. 155]. In fact,
he defines them in terms of a universal property (given in the next theorem)
with respect to the forgetful functor Und: MND(K) → K from the 2-category of
monads in K introduced in Section 2.3. He then shows that the right extension
in Definition 4.1.2 has this universal property in Theorem 5 of the same article.

Recall from Definition 2.3.3 that we write Lax(t, s) for the collection of lax
monad functors between monads t and s in K, and Laxg(t, s) for the subset of
those whose 1-cell part is g. Similarly, we have Colax(t, s) and Colaxg(t, s).

Theorem 4.1.5 (Street). Let g : x→ y be a 1-cell, t be a monad on x, and s be
a monad on y. If g♯t exists, then there is a bijection

Laxg(t, s) ∼= Mndy(s, g♯t)

natural in t and s.

Proof. Let ϵ be the counit of g♯t, so that (g, ϵ) ∈ Lax(t, g♯t). A monad map
θ : s→ g♯t is in particular a lax monad functor (1y, θ) : g♯t→ s, so composing with
(g, ϵ) gives an assignment Mndy(s, g♯t) → Laxg(t, s). Given (g, ϕ) ∈ Laxg(t, s),
the universal property of the right extension defining g♯t gives a unique 2-cell
ϕ̂ : s→ g♯t such that ϕ = ϵ · ϕ̂g. It suffices to check that ϕ̂ is a monad map, since
then this construction gives an inverse to the former assignment. We have

ϵ · (ϕ̂ · ηs)g = ϵ · ϕ̂g · ηsg = ϕ · ηsg (ϕ.η)= gηt
(4.1)= ϵ · ηg♯tg,

which implies that ϕ̂ · ηs = ηg♯t by uniqueness of factorisations through ϵ. The
proof that ϕ̂ is compatible with the multiplication is similar.
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Naturality in t is with respect to monad maps in Mndx, while that in s is with
respect to monad maps in Mndy. They both follow easily from the fact that the
bijection is given by composition with (g, ϵ) and that g♯ is a functor.

Street stated the previous universal property as the fact that (g, ϵ) : (x, t) →
(y, g♯t) is pre-opcartesian with respect to Und: MND(K) → K.
Remark 4.1.6. Recall thatMND(K) is a 2-category, so both sides of the bijection
in the previous theorem are actually categories. In each case, the morphisms can
be taken to be the corresponding 2-cells inMND(K). However, the bijection above
does not lift to an isomorphism (or even an equivalence) of categories. There is
a functor going left, because that direction is given by composing with a 1-cell in
MND(K), but there is no functor going the other way in general. Such a functor
would need to, for example, send an endo-2-cell of g to an endo-2-cell of 1y.

The significance of this universal property becomes clear when K admits the
construction of algebras. Translating the above bijection along the locally fully
faithful 2-functor MND(K) ↪→ K→ of Theorem 2.3.7 gives a correspondence be-
tween the collections of dashed 1-cells which make each of the following diagrams
in K commute:

xt ys

x y

ut us

g

and
yg♯t ys

y.
ug♯t us

(4.2)

In the terminology of Sections 1.2 and 2.3, this means that ug♯t is the monadic
reflection of gut.
Lemma 4.1.7. Let g : x→ y and h : y → z be 1-cells, and t a monad on x. Then
there exists a canonical map of monads on z

h♯(g♯t) → (hg)♯t

natural in t, assuming the domain and codomain exist. Moreover, this map is an
isomorphism if h preserves rang gt.
Proof. Let ϵg, ϵh and ϵhg be the counits of g♯t, h♯(g♯t) and (hg)♯t, respectively.
Since (g, ϵg) ∈ Lax(t, g♯t) and (h, ϵh) ∈ Lax(g♯t, h♯(g♯t)), their composite (hg, ϵhg ·
hϵg) is a lax monad functor t→ h♯(g♯t) whose 1-cell part is hg. By Theorem 4.1.5,
this corresponds to a unique monad map h♯(g♯t) → (hg)♯t. Naturality follows from
the fact that pushforward is a functor, and that the bijection in Theorem 4.1.5 is
natural in t.

If h preserves rang gt, the right extension of hgt along g is given by
(h(rang gt), hϵg). By Lemma 2.2.3(iv), ranh(rang hgt) ∼= ranhg hgt and the for-
mer may now be given as (ranh h(rang gt), ϵhg · hϵg). This is to say that the
factorisation of ϵhg · hϵg through ϵhg is an isomorphism, as needed.

Informally, this lemma (together with the identification t = x♯t) can be in-
terpreted as saying that the assignment x 7→ Mndx and g 7→ g♯ is a normal1 lax

1In the sense that it preserves identity 1-cells strictly.
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functor from K0 (the underlying 1-category of K) to a 2-category of categories,
(partial) functors and natural transformations.
Remark 4.1.8. In the notation of Lemma 4.1.7, for h to preserve rang gt it
suffices for one of g and h to be a right adjoint by Lemma 2.2.3. In CAT, it is also
sufficient for rang gt to be pointwise, and for h to preserve the limits involved.
This happens, for example, if x is a small category, y is complete and h preserves
all small limits.

For an example where the map is not an isomorphism, one can take K = CAT,
g to be the unique functor 0 → 1 from the initial to the terminal category, h to
be the functor 1 → Set picking out a set X with at least two elements, and t to
be the identity monad on 0. Then g♯t is the identity monad on 1, and h♯(g♯t) is
the endomorphism monad of X (Example 4.1.3(iii)) while (hg)♯t is constant at
the terminal set.

Note that (4.2) says that ug♯t is the monadic reflection of gut, but the same is
true for u(gut)♯1 assuming (gut)♯1 exists. Since ut is a right adjoint, the previous
remark and lemma imply that (gut)♯1 ∼= g♯(ut♯1), and by Example 4.1.3(i) we have
ut♯1 = t. Altogether, this shows:
Corollary 4.1.9. Let K admit the construction of algebras, g : x→ y be a 1-cell
in K, and t a monad on x. Then g♯t is the codensity monad of gut.

This corollary seems to suggest that the study of pushforward monads is
subsumed by that of codensity monads. However, the pushforward construction
has several benefits that are lost by passing to the associated codensity monad.
Most importantly, pushforwards give a functor between categories of monads, and
so can be used to produce maps between complex monads from maps between
simple ones.

4.2 Colax monad functors and g-determined
monads

In this section, we study a different universal property that pushforwards enjoy
with respect to colax monad functors. It was inspired by Adámek and Sousa’s
work in [3], where they give explicit descriptions of the codensity monads of
several functors of the form Afp ↪→ A, where A is a locally finitely presentable
category and Afp is its full subcategory on the finitely presentable objects. They
say a monad T on A has the limit property with respect to a full embedding
J : B ↪→ A if (T, 1TJ) is the pointwise right Kan extension of TJ along J . They
then exhibit a certain monad S with this property, and show that the codensity
monad of J is the smallest submonad of S with the limit property. Our work
in this section will generalise this to the context of pushforward monads in a
2-category. For a more explicit comparison, see Example 4.3.15(ii) below.
Definition 4.2.1. Let g : x → y and h : y → z be 1-cells. We say that h is
g-determined if (h, 1hg) is a right extension of hg along g. Dually, g is h-
opdetermined if it is h-determined in Kop, i.e. if (g, 1hg) = rifth hg. A monad
on y is g-(op)determined if its 1-cell part is.
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Example 4.2.2. Let g : x → y be right adjoint to f , with unit η and counit
ϵ. Then h : y → z is g-determined iff hη is an isomorphism. Indeed, we have
rang hg = (hgf, hgϵ) by Lemma 2.2.3(iii). The claim follows easily from the
fact that hη is the unique morphism (h, 1hg) → (hgf, hgϵ) in g◦↓hg, since the
codomain is terminal.

It follows that f is g-determined iff the adjunction f ⊣ g is idempotent.
Moreover, if f is fully faithful, then any h : y → z is g-determined by Lemma 2.2.9.

The condition in Definition 4.2.1 can be replaced by an apparently weaker
one:

Lemma 4.2.3. In the notation of the previous definition, h is g-determined iff
there exists a monic 2-cell ϵ such that rang hg = (h, ϵ).

Proof. The forwards implication is clear. Now let rang hg = (h, ϵ) with ϵ monic,
and let α, β : h→ h be the unique 2-cells such that ϵ · αg = ϵ · ϵ and ϵ · βg = 1hg.
Since ϵ is monic, this implies that αg = ϵ. Then

ϵ · (α · β)g = ϵ · αg · βg = ϵ · ϵ · βg = ϵ

and
ϵ · (β · α)g = ϵ · βg · αg = 1hg · αg = ϵ

imply that α and β are mutual inverses, since ϵ is the counit of a right extension
along g. It follows that β is an isomorphism (h, 1hg) ∼= (h, ϵ) in g◦↓hg, so (h, 1hg)
is also a right extension.

Theorem 4.2.4. Let g : x → y be a 1-cell, t be a monad on x, and s be a
g-determined monad on y. If g♯t exists, then right extending along g gives a
function

Colaxg(t, s) → Mndy(g♯t, s)
natural in t and s. Moreover, it sends monic 2-cells to monic 2-cells.

Proof. Let ϵ be the counit of g♯t. Given (g, ψ) ∈ Colaxg(t, s), we have ψ : gt→ sg.
Let ψ̂ := rang ψ : rang gt → rang sg. Since s is g-determined, we may take the
right extension in the codomain to be (s, 1sg), so that ψ̂ is the unique 2-cell such
that

ψ̂g = ψ · ϵ. (4.3)
We check that ψ̂ is a monad map g♯t→ s. We have

(ψ̂ · ηg♯t)g (4.3)= ψ · ϵ · ηg♯tg (4.1)= ψ · gηt (ψ.η)= ηsg,

so ψ̂ · ηg♯t = ηs, since they both have the same factorisation through the counit
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1sg. For the multiplication axiom we have

(ψ̂ · µg♯t)g = ψ · ϵ · µg♯tg by (4.3)
= ψ · gµt · ϵt · (g♯t)ϵ by (4.1)
= µsg · sψ · ψt · ϵt · (g♯t)ϵ by (ψ.µ)
= µsg · sψ · ψ̂gt · (g♯t)ϵ by (4.3)
= µsg · ψ̂sg · (g♯t)ψ · (g♯t)ϵ by the interchange law
= µsg · ψ̂sg · (g♯t)ψ̂g by (4.3)
= (µs · ψ̂s · (g♯t)ψ̂)g.

For the same reason as before, this implies ψ̂ · µg♯t = µs · ψ̂s · (g♯t)ψ̂.
As in Theorem 4.1.5, naturality in t is with respect to monad maps in Mndx,

and naturality in s is with respect to monad maps in Mndy between g-determined
monads. In both cases, it follows from the fact that rang is a (partial) functor,
and that the monads on y are g-determined.

The preservation of monic 2-cells is immediate from the fact that rang is a
partial right adjoint.

Remark 4.2.5. If K(x, x) has kernel pairs (e.g. if K = CAT and x has kernel
pairs), then a map of monads on x is monic iff it is monic as a 2-cell. This
follows from Lemma 2.3.6, since a morphism is monic iff its kernel pair consists
of identities.

Corollary 4.2.6. In the notation of Theorem 4.2.4, if the counit of g♯t is invert-
ible, then the function in that theorem is a bijection

Colaxg(t, s) ∼= Mndy(g♯t, s).

Proof. Let ϵ be the counit of g♯t. It is easy to see from Definition 2.3.3, that
for an invertible 2-cell ϕ : sg → gt we have (g, ϕ) ∈ Lax(t, s) iff (g, ϕ−1) ∈
Colax(t, s). Then (g, ϵ−1) ∈ Colaxg(t, g♯t), and an inverse to the function in
Theorem 4.2.4 is given by composing by (g, ϵ−1) on the right in the 2-category
Colax = MND(Kop)op.

This corollary gives a second universal property of pushforwards whose counit
is an isomorphism. In V-CAT, this is the case as soon as g is fully faithful and
the right Kan extension defining g♯t is pointwise by Lemma 2.2.7.

We will find it useful to dualise some results in this and the previous section.
Formally, these duals are obtained by passing to the 2-category Kop. This process
only reverses the direction of the 1-cells, so monads in Kop are the same thing as
monads in K. It does, however, interchange the concepts of lax and colax monad
functors. Left and right extensions then become left and right lifts, respectively
(Definition 2.2.1).

Definition 4.2.7. Let g : x → y be a 1-cell, and s be a monad on y. The
universal monad lift of s along g is the right lift of sg along g, with its canonical
monad structure. When it exists, we denote it by g♯s.
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Universal monad lifts have been used by Shirazi [55, §4] to give small presen-
tations of several monads in probability theory as codensity monads. The use of
the epithet ‘universal’, absent in the formally dual definition of pushforward, is
required by the fact that monad lifts are a well-established concept, e.g. they are
used in Theorem 2.3.14.

As with pushforwards, g♯ is a functor Mndy → Mndx insofar as it is defined,
which preserves those limits that g◦ : K(y, y) → K(x, y) preserves. The dual of
Theorem 4.1.5 shows that, given a 1-cell g : x → y, and monads t on x and s on
y, there is a natural bijection

Colaxg(t, s) ∼= Mndx(t, g♯s) (4.4)

whenever g♯s exists. Moreover, the dual of Corollary 4.2.6 shows that, if addi-
tionally t is g-opdetermined and the counit of g♯s is an isomorphism, then there
is a natural bijection

Laxg(t, s) ∼= Mndx(g♯s, t). (4.5)

A moment’s glance at these isomorphisms together with their duals immedi-
ately gives two adjunctions between two pairs of full subcategories of Mndx and
Mndy:

(i) Theorem 4.1.5 and (4.5) give g♯ ⊣ g♯; and

(ii) Corollary 4.2.6 and (4.4) give g♯ ⊣ g♯.

In each case, the domain and codomain of g♯ must be suitable restricted to only
include those monads which satisfy the assumptions of the results used to prove
the adjunction. These conditions do not appear natural in a general 2-category.
However, we will see in Section 4.3.2 that at least in the case of the first adjunction
they are not rare when K = CAT.

4.3 Pushforwards in CAT
In this section we study pushforward monads in the 2-category CAT of locally
small categories, functors and natural transformations. We give sufficient condi-
tions for the existence of pushforwards, specialise and refine many of the results
in the previous section, and show that codensity monads are invariant under free
limit completions.

Much of the theory we develop here applies just as well to the 2-category
V-CAT for a Bénabou cosmos V . We have chosen to write the results for CAT for
ease of notation and terminology. In any case, the generalisation is straightfor-
ward.

4.3.1 Existence
Extensions in CAT are called Kan extensions, and there are well-known pointwise
formulas that compute them in terms of (co)limits in the codomain category
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(Example 2.2.4). In particular, if T is a monad on A and G : A → B is a functor,
then the pushforward G♯T is given by

G♯T (b) = lim
(
b↓G A A BΠb T G

)
, (4.6)

for b ∈ B when the right-hand side exists. If A is small, then so is b↓G, so that the
limit in (4.6) is guaranteed to exist if B is complete. We can relax this condition
by transferring the smallness hypothesis from A to G.

Definition 4.3.1. A functor P : A → Set is small if it is a small colimit of
representables. A functor G : A → B is representably small if B(b,G−) : A →
Set is small for all b ∈ B.

This terminology is taken from Day and Lack’s work in [18], where they study
limits in categories of small functors. Note that what we call representably small
is what Avery and Leinster call corepresentably small in [8, Def. 4.6].

If a functor P : A → Set is representably small then it is small, since one can
take b to be the singleton in the definition. The reverse implication does not
hold, however; see [18, Ex. 8.1] for a counterexample. The following proposition
gives a useful equivalent condition for a functor to be small. We say a category
is cofinally small if it admits a cofinal functor from a small category.

Given a functor P : A → Set, we write El(P ) for its category of elements,
which is the comma category 1↓P where 1 ∈ Set is the singleton.

Proposition 4.3.2. The following are equivalent for a functor P : A → Set:

(i) P is small;

(ii) P = LanK H for some functors K : B → A and H : B → Set with B small;

(iii) the category of elements El(P ) of P is cofinally small.

Proof. The equivalence between (i) and (ii) is proved in the more general enriched
context in Kelly’s book [33, Prop. 4.83].

Now assume (ii), and let η : H → PK be the unit of the left Kan extension.
Then η induces a functor El(H) → El(PK), which we can compose with the
obvious functor El(PK) → El(P ) to get a functor D : El(H) → El(P ). It suffices
to show that D is cofinal, i.e. that the comma category D↓(a, x) is connected for
every a ∈ A and x ∈ Pa.

Since B is small and Set is cocomplete, the left Kan extension is pointwise, so
the assignment

Kb a Hb PKb Pa
f ηb Pf

forms a colimiting cocone for K↓a Πa−→ B H−→ Set. Hence, there exists some
f : Kb → a and y ∈ Hb such that (Pf · ηb)(y) = x, and so f is a morphism
D(b, y) → (a, x) in El(P ). Moreover, for any other f ′ : D(b′, y′) → (a, x), there
must be a zigzag of morphisms in El(HΠa) connecting (b, y) and (b′, y′), by the
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computation of colimits in Set. The same zigzag connects them in D↓x, so this
category is connected.

Lastly, we show that (iii) implies (i). One of the consequences of the Yoneda
lemma is that P is the colimit of the composite El(P )op → Aop → [A, Set]. If
El(P ) admits a cofinal functor from a small category, then this colimit is equiva-
lent to a small colimit, showing that P is small.

Remark 4.3.3. Despite what the name might suggest, a subfunctor of a small
functor need not be small. Let S be a large discrete category, and S0 be the
category resulting from freely adjoining an initial object, denoted by 0, to S.
Then the functor G : S0 → Set which is constant at the singleton set is small (in
fact representable), but the subfunctor F of G which sends 0 to ∅ and acts as G
otherwise is not small. This is easily seen, by the previous proposition, from the
fact that El(F ) is isomorphic to S, which is clearly not cofinally small.

Examples 4.3.4.

(i) A functor A → Set from an (essentially) small category is small by taking
K = 1A in Proposition 4.3.2(ii). Consequently, any functor A → B is
representably small.

(ii) A right adjoint G : A → B is representably small, since B(b,G−) ∼=
A(Fb,−) is already representable, where F ⊣ G.

(iii) The fully faithful functor D : Set ↪→ Top that equips a set with the discrete
topology is representably small. Indeed, given a topological spaceX, the full
subcategory S ofX↓D = El(Top(X,D−)) on the surjections is cofinal. This
follows easily from the facts that Top has an (epi, strong mono) factorisation
system and that subspaces of discrete spaces are discrete. Note that S is
small, since for any surjection X → DS we must have |S| ≤ |X|.

(iv) The fully faithful forgetful functor V : Field ↪→ CRing is representably small.
Given a ring R and a field k, any homomorphism f : R → k factors through
a unique residue field of R, namely Frac(R/p), where p = ker f . Hence,
R↓V has connected components in bijection with SpecR, and each of those
components has an initial object.

(v) The functor (−) +E : Set → Set for E any set is representably small. This
is the underlying functor of the exception monad of Example 2.4.12, so
we denote it by EE. Given a set X, the connected components of X↓EE
are in bijection with the functions f : X → 1 + E, and the component
corresponding to f has an initial object given by the function X → f−11+E
which acts as the identity on f−11 and as f otherwise.

(vi) Let K be a set, and Set≥K be the full subcategory of Set on the sets of car-
dinality at least that of K. The inclusion J : Set≥K ↪→ Set is representably
small. Indeed, let X be a set. If |X| ≥ |K|, then X↓J has an initial object:
the identity on X. Otherwise, by cardinal comparability, there exists an
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injection m : X → K. We claim that the subcategory S of X↓J depicted
by

X

K K ′,

m
m′

n1

n2

where (n1, n2) is the cokernel pair of m, and m′ = n1m = n2m, is cofinal.
First note that n1 and n2 are also injective, so K ′ ∈ Set≥K . Now take any
f : X → Y in X↓J . It factors through m, either because X = ∅ or because
m splits, so S↓f is nonempty. Seeing that it is connected involves a straight-
forward case analysis. We illustrate the most complicated case: where f
factors as gm′ and hm′. The next diagram shows a zigzag connecting g and
h in S↓f :

K ′

K

X K ′ Y

K

K ′

gn1

n2

m′

m

m′

m

m′

(hn2, gn1)

n2

n1

h

where (hn2, gn1) is the unique function K ′ → Y whose composites with n1
and n2 are hn2 and gn1, respectively.

The importance of representably small functors in the theory of pushforward
monads in CAT is clear from the next proposition.

Proposition 4.3.5. Let G : A → B be a representably small functor into a com-
plete category. Then G♯T exists for any monad T on A.

Proof. It suffices to show that the right Kan extension along G of any functor
F : A → C with C complete exists. This follows from the limit formula (2.5),
since C is complete and b↓G = El(B(b,G−)) is cofinally small by assumption.

It follows that one can take pushforwards along each of the functors listed
in Examples 4.3.4. Representably small functors enjoy many convenient proper-
ties. For example, they are closed under composition, as proved by Avery and
Leinster [8, Lem. 4.7]. With this result, we can show that the pushforward con-
struction can often be iterated.

Proposition 4.3.6. Let G : A → B be a representably small functor into a com-
plete category, and T be a monad on A. If AT has finite connected colimits, then
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the top functor in the square

AT BG♯T

A B,

G′

UT UG♯T

G

corresponding under Theorem 2.3.7 to the counit of G♯T , is also a representably
small functor into a complete category.

Proof. That BG♯T is complete follows from the fact that UG♯T creates limits.
By Example 4.3.4(ii) and the fact that the composite of two representably
small functors is representably small, GUT = UG♯TG′ is representably small,
so B(b, UG♯TG′−) ∼= BG♯T (FG♯T b,G′−) is small for every b ∈ B. We can now use
the theory of limits in categories of small presheaves to show that BG♯T (b,G′−)
is small for every b ∈ BG♯T , not just the free G♯T -algebras.

Let [AT , Set]s denote the full subcategory of [AT , Set] on the small functors.
Day and Lack’s [18, Prop. 4.3] shows that [AT , Set]s has all finite connected limits
and, as the Yoneda embedding (AT )op ↪→ [AT , Set] factors through [AT , Set]s, it
is easy to see that such limits are computed objectwise. Every b ∈ BG♯T is a re-
flexive coequaliser of free G♯T -algebras, say of the pair of morphisms (f, g). Since
equalisers are finite connected limits, we can take the equaliser E of BG♯T (f,G′−)
and BG♯T (g,G′−) in [AT , Set]s, which satisfies

Ea ∼= BG♯T (coeq(f, g), G′a) ∼= BG♯T (b,G′a),

naturally in a ∈ AT . Hence, BG♯T (b,G′−) ∼= E is small.

Remark 4.3.7. It seems that the hypothesis about the existence of certain col-
imits in AT cannot be dropped if one wants to conclude that G′ is representably
small in general. This is because a composite GF being representably small does
not imply that F is representably small, even when G is faithful. (The author
has not found a counterexample where G is merely monadic.)

For an example, let S0 be as in Remark 4.3.3, and let Ω denote the category
with two objects, a and b, and exactly one non-identity morphism a → b. The
functor F : S0 → Ω which sends 0 to a and the rest of S to b is not representably
small, since S0(b, F−) is not small by Remark 4.3.3. Now let G be the unique
functor 2 → 1, which is faithful. As 1(∗, GF−) is constant at the singleton (where
∗ is the unique object of 1), GF is representably small by the same remark.

Example 4.3.8. Of course, another way of having G′ in Proposition 4.3.6 be
representably small is simply having A small. Taking T to be the identity monad,
this gives a codensity version of monadic towers. These (or rather their comonadic
dual) were introduced by Appelgate and Tierney in [5], where they are used
to decompose an adjunction into a reflection followed by a number of monadic
adjunctions. In the codensity case, we need not start with an adjunction, a
functor suffices; and instead of a reflection, the process ends once we reach a
codense functor (Definition 2.2.11). Here are some examples (see Figure 4.1):
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(i) Let 2 : 1 → Set be the functor which picks out a two-element set. It follows
from Examples 2.4.15 and 4.1.3(iii) that the codensity monad of 2 is the
double powerset monad. Its category of algebras is that of complete atomic
Boolean algebras, which is equivalent to Setop. The functor 2′ : 1 → Setop
picks out 1, because its composite with 2− : Setop → Set is 2. Since 1 is a
dense generator of Set, the functor 2′ is codense.

(ii) Let I : fdVect ↪→ Vect be the inclusion of the full subcategory of finite
dimensional vector spaces over a fixed field. As proved by Leinster [45,
§7], its codensity monad is the double dualisation monad, whose category
of algebras is equivalent to Vectop. The functor I ′ : fdVect → Vectop is the
composite of Iop and the equivalence (−)∗ : fdVect → fdVectop given by the
fact that finite dimensional vector spaces are self-dual. Now I is dense,
because it is the inclusion of the category of finitely presentable objects of
a locally finitely presentable category, so I ′ is codense.

(iii) Let J : FinSet ↪→ Set be the inclusion of the full subcategory of finite sets. Its
codensity monad is the ultrafilter monad on Set, whose category of algebras
is CHaus. The functor J ′ : FinSet → CHaus equips a finite set with its unique
compact Hausdorff topology: the discrete topology. Its codensity monad
J ′
♯1 sends a space X to the set of ultrafilters in its Boolean algebra of clopen

subsets. The category of J ′
♯1-algebras is equivalent to Stone, the category of

Stone spaces. This follows from the following argument outlined, by Sipos,
in [57, §5]:

Note that J ′ factors as FinSet K−→ Stone U−→ CHaus. Under Stone duality,
Kop corresponds to the inclusion of the category of finite Boolean algebras
into the category of all Boolean algebras. The former category contains all
of the finitely generated free Boolean algebras. Since Boolean algebras are
the algebras of a finitary algebraic theory, it follows that Kop is dense, and
so K is codense. By Remark 4.1.8, since U is a right adjoint, we have

J ′
♯1 = (UK)♯1 = U♯(K♯1) = U♯1.

As U is already monadic (being the inclusion of a reflective subcategory),
the category of algebras of U♯1 is Stone. It also follows that J ′′ = K, which
is codense, so the monadic tower stabilises after two steps.

4.3.2 An adjunction between categories of monads

We now revisit the adjunctions found at the end of Section 4.2. One of them
takes a particularly nice form when one pushes forwards along a fully faithful
functor (Theorem 4.3.11). Recall that we write riftG F and liftG F for the right
and left Kan lifts of F through G (Definition 2.2.1).
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Setop

1 Set
2−

2

2′

(i)

Vectop

fdVect Vect
(−)∗

I

I ′

(ii)

Stone

CHaus

FinSet Set

U

V

J

J ′

J ′′ = K

(iii)

Figure 4.1: Three examples of codensity monadic towers.

Lemma 4.3.9. Let θ be a natural isomorphism fitting into a diagram

B

A C

GH

F

θ

where G is fully faithful. Then riftG F = (H, θ) and liftG F = (H, θ−1).
Proof. We prove the statement about the right Kan lift; the other is dual. Note
that since G is fully faithful, so is G◦ : [A,B] → [A, C]. Given any α : F → GH ′,
it follows that there is a unique α̂ : H → H ′ such that Gα̂ = α · θ−1. This is
exactly what it means for (H, θ) to be the right Kan lift of F through G.

We aim to use the dual of Corollary 4.2.6, as given in (4.5). Lemma 4.3.9
allows us to simplify the conditions on the corresponding monads. Let G : A → B
be fully faithful. The previous lemma, together with the dual of Lemma 4.2.3,
implies that any monad on A is G-opdetermined (see Definition 4.2.1). Moreover,
a monad S on B such that G♯S exists and has an isomorphism as counit is
precisely one that restricts along G, i.e. such that there exist an endofunctor
S ′ of A (which inherits a monad structure) and an isomorphism GS ′ ∼= SG, since
Lemma 4.3.9 then implies that G♯S ∼= S ′.
Examples 4.3.10.
(i) Clearly, the identity monad restricts along any fully faithful functor.

(ii) Most of the monads on Set introduced in Section 2.4 restrict along the
inclusion FinSet ↪→ Set. For example: the E-exception monad for a finite
set E, the freeM -set monad for a finite monoidM , the powerset monad, the
endomorphism monad of any finite set (e.g. the double powerset monad),
the filter monad and the ultrafilter monad.

Theorem 4.3.11. Let G : A → B be a fully faithful, representably small functor
into a complete category. There is an adjunction

MndA MndresGB

G♯

G♯

⊣
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where MndresGB is the full subcategory of MndB on the monads that restrict along
G. Moreover, the right adjoint G♯ is fully faithful.

Proof. Since G is representably small and B is complete, G♯ is defined pointwise
on all MndA. Since G is fully faithful, the counit of a right Kan extension along
it is an isomorphism, showing that G♯ has the right codomain. Lemma 4.3.9
ensures that G♯ is defined on all MndresGB . By Theorem 4.1.5 and the dual of
Theorem 4.2.4, there is a bijection

MndA(G♯S, T ) ∼= LaxG(T, S) ∼= MndB(S,G♯T )

natural in S ∈ MndresGB and T ∈ MndA.
As G is fully faithful, so are RanG and G◦, and hence so is G♯. This can also be

easily seen from the fact that the counit of the adjunction is an isomorphism.

Remark 4.3.12. A consequence of the counit ϵ : (G♯T )G→ GT being invertible
when G is fully faithful is that (G, ϵ−1) is a colax monad functor (B, G♯T ) →
(A, T ). Hence, not only is there a lift of G to the respective categories of algebras,
but also an extension to the Kleisli categories. Explicitly, we have two commuting
squares of functors:

AT BG♯T

A B

Gϵ

UT UG♯T

G

and
A B

AT BG♯T .

G

FT FG♯T

Gϵ−1

Given a T -algebra α : Ta→ a, the functor Gϵ produces the G♯T -algebra

(G♯T )Ga GTa Ga.
ϵa Gα

Given a morphism f : a→ Tb in A, the functor Gϵ−1 gives the morphism

Ga GTb (G♯T )Gb.
Gf ϵ−1

b

In fact, it follows from the fact that G is fully faithful and ϵ is invertible
that Gϵ and Gϵ−1 are also fully faithful. Indeed, let g : Gϵ(a, α) → Gϵ(b, β) be a
G♯T -algebra map. Since G is fully faithful, g = Gf for a unique f : a → b. Now
consider the diagram

(G♯T )Ga GTa Ga

(G♯T )Gb GTb Gb.

ϵa

(G♯T )Gf

Gα

GTf Gf

ϵb Gβ

The outside face commutes by assumption, and the left square commutes by
naturality of ϵ. Since ϵa is epic, it follows that the right square also commutes,
so that f is a T -algebra map (a, α) → (b, β). To see that Gϵ−1 is fully faithful,
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simply note that for any morphism g : Ga → (G♯T )Gb the composite ϵb · g is in
the image of G, and hence g is in the image of Gϵ−1 .

Example 4.3.13. The only endofunctor of CHaus which fixes underlying sets
is the identity. Indeed, such an endofunctor amounts to an endomorphism of
the ultrafilter monad on Set by Theorem 2.3.7, which is the codensity monad of
J : FinSet ↪→ Set. Since J♯ : MndFinSet → MndSet is fully faithful, this corresponds
to an endomorphism of the identity monad on FinSet, which can only be the
identity.

Example 4.3.14. The adjunction of Theorem 4.3.11 takes a particularly simple
form when we take G to be J : Set≥K ↪→ Set from Example 4.3.4(vi). All but two
monads on Set have monic unit by Lemma 2.4.8; i.e. the inconsistent monads of
Examples 2.4.9 and 2.4.10.

Every consistent monad T on Set restricts along J . Moreover, for every set X
such that TX is nonempty, we have (J♯J ♯T )X ∼= TX. This is clear if |X| ≥ |K|.
Otherwise, Example 4.3.4(vi) shows that (J♯J ♯T )X is the equaliser of

TK TK ′,
Tn1

Tn2

where (n1, n2) is the cokernel pair of an injection m : X → K. Since TX is
nonempty, there is a retraction r of Tm. We also have the composite

s = TK ′ T 2K TK,
T (ηTK , Tm · r · ηTK) µTK

where (f1, f2) denotes the unique morphism such that (f1, f2) · ni = fi for i ∈
{1, 2}, for f1 and f2 such that f1m = f2m. One checks that r and s, together with
Tm, Tn1 and Tn2 form a split equaliser diagram, showing that (J♯J ♯T )X ∼= TX.

If we take K = 1, then even the inconsistent monads restrict along J , giving
a reflection

MndSet≥1 MndSet
J♯

J♯

⊣ (4.7)

Let a and b be the two functions 1 → 2. Given a monad T on Set, the equaliser
of the pair (Ta, Tb) is the set of pseudoconstants of T . A pseudoconstant can
be understood as a unary term in the theory of T which takes a constant value in
every nonempty algebra. Every constant induces a pseudoconstant; an example
of a pseudoconstant that does not come from a constant is the unique element of
any nonempty model of the theory of sets where all elements are equal.

The monad on MndSet induced by the reflection (4.7) sends a monad T to
J♯J

♯T , which agrees with T on all nonempty sets and which sends ∅ to the set
of pseudoconstants of T . In other words, J♯J ♯ realises the pseudoconstants of
a monad as actual constants. The argument above implies the well-known fact
that as soon as there is at least one constant (so that TX ̸= ∅ for all X), all
pseudoconstants are induced by constants.
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As outlined at the end of Section 4.2, there is also a dual partial adjunction.
If G : A → B is fully faithful and representably small and B is complete, then
G♯T is a G-determined monad for all monads T on A. This gives:

MndA MndGdet
B

G♯

G♯

⊣

where MndGdet
B is the full subcategory of MndB on the G-determined monads.

Notice the interchange of the left and right adjoints compared to Theorem 4.3.11.
In this case, G♯ need not be defined on all ofMndGdet

B . A simple sufficient condition
to make this adjunction total is that G be a left adjoint (such as the discrete-
topology functor Set → Top), since then right Kan lifts through G always exist
by the dual of Lemma 2.2.3(iii).

Examples 4.3.15.

(i) If G : A → B is fully faithful, then any right Kan extension along G is G-
determined by Lemma 4.2.3. For example, the endomorphism monad on Set
of a finite set X is J-determined, where J : FinSet ↪→ Set. This follows from
Example 4.1.3(iii), because it is the codensity monad of 1 X−→ FinSet J−→ Set,
and hence is given by RanJX JX ∼= RanJ(RanX JX).
In particular, the double-powerset monad on Set is J-determined. This is in
stark contrast to the powerset monad P on Set, which is not J-determined.
If it were, then P ∼= RanJ PJ , but we will see in Theorem 6.1.14 below that
the right-hand side is the filter monad.

(ii) Let G : A ↪→ B be the inclusion of a full subcategory. By definition, a
monad on B is (pointwise) G-determined precisely when it has the limit
property of Adámek and Sousa [3, Def. 6.2]. Assuming A is small and B
is complete, their Theorem 6.5 shows that the codensity monad of G is
the smallest G-determined submonad of a carefully chosen G-determined
monad S on B. One of the key properties of S is that ηS is pointwise
monic, and hence so is ηSG since G is fully faithful.
This result can be generalised easily using our theory of pushforwards. Let
G : A → B be a functor such that G♯1 exists. If T is a G-determined
monad on B such that ηTG is a monic natural transformation, then G♯1 is
the smallest G-determined submonad of T .
This follows from the fact that for any monad T on B, the pair (G, ηTG) is a
colax monad functor 1A → T . If T is G-determined and ηTG is monic, then
Theorem 4.2.4 gives a monic monad map η̂TG : G♯1 → T . If θ : S → T is a
G-determined submonad, then the naturality in T of this construction en-
sures that θ · η̂SG = η̂TG, making G♯1 the smallest G-determined submonad
of T .

Remark 4.3.16. One of the main consequences of Theorem 4.3.11 is that, under
some completeness conditions, the category of monads on a full subcategory A of
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B is a full subcategory ofMndB. In fact, we can obtain an alternative fully faithful
functor MndA ↪→ MndB whenever G : A → B exhibits B as the free cocompletion
of a smallA under a class of small colimit shapes (or weights in the enriched case).
In this case, the assignment T 7→ LanGGT extends to the required functor.

This follows from the theory of relative monads of Altenkirch, Chapman and
Uustalu [4]. In Theorems 4.6 and 4.7, they show that if G is well-behaved then
LanG extends to a functor (necessarily fully faithful) from the category RMndG
of G-relative monads to MndB. Arkor and McDermott [6, Rmk. 4.31] observed
that G is well-behaved in their sense iff it exhibits B as a free cocompletion of A
as above. At the same time, it is easy to see that if T is a monad on A and G
is fully faithful then GT is a G-relative monad, and that this extends to a fully
faithful functor MndA ↪→ RMndG. Altogether, we get a fully faithful functor

G♭ : MndA RMndG MndB.
G◦ LanG

Just like G♯, this functor lands in the full subcategory MndresGB , and it is easy
to see from the definition of LanG that it provides a left adjoint to the restriction
functor G♯. Hence, when G is a free cocompletion as above and B is complete,
we have

MndA MndresGB .

G♯

G♭

G♯

⊣
⊣

A prime example of this is given by taking G to be the inclusion J : Afp → A of
the full subcategory of finitely presentable objects of a locally finitely presentable
category. In this case, G♭T is the unique finitary extension of a monad T on Afp
to a monad on A, so that G♯T is finitary iff it coincides with G♭T .

One of the main examples we consider below (Section 6.1) is of this form:
the inclusion J : FinSet ↪→ Set. We will see that, for any consistent monad T
on FinSet, J♯T does not coincide with J♭T , and in fact it has no rank (Theo-
rem 6.1.24).

Note that there are monads on Set which restrict to FinSet and yet are not in
the image of J♭ or J♯. An example is the powerset monad P. Clearly, J♭J ♯P is the
finite powerset monad, while J♯J ♯P is the filter monad by Theorem 6.1.14 below.

4.3.3 Limit completions and codensity
We finish this section with the observation that codensity monads are invariant
under free limit completions, in a suitable sense. This allows us to relate codensity
monads to Diers’s multiadjunctions [23, p. 58] and Tholen’s pro-adjunctions [61,
p. 148]. In particular, Diers’s results allow us to identify the category of algebras
of the codensity monad of Field ↪→ CRing as the free product completion of Field
(Example 4.3.23(i)).

We will borrow the notation for cocompletions under classes of colimits from
the last part of Section 2.2 and apply it to completions under classes of limits

80



instead. Explicitly, if D is a class of diagrams in a category A, we write D[A]
for the result of freely adjoining limits for each diagram in D. If C is a class of
categories, thought of as shapes of diagrams, we write C(A) for the free completion
of A under C-limits.

Suppose we are interested in the monadic reflection, and hence in the codensity
monad G♯1, of a functor G : A → B. This will come equipped with a comparison
functor K : A → BG♯1 over B. In particular, if D : I → A is a diagram such
that GD has a limit, then KD also has a limit, created by UG♯1 from limGD.
Let D be a class of diagrams D : I → A such that limGD exists. We could
instead consider the codensity monad of the induced functor Ĝ : D[A] → B.
Since monadic functors create limits, one would expect these two monads to be
related. Indeed, they are the same:

Proposition 4.3.17. Let G : A → B be a functor with a pointwise codensity
monad and D be a class of diagrams D : I → A such that limGD exists. Consider
the commutative diagram

A B.

D[A]

G

J Ĝ

Then G and Ĝ have the same codensity monad.

Proof. It suffices to show that Ĝ preserves RanJ J , since then

RanGG = Ran
ĜJ
ĜJ ∼= Ran

Ĝ
(RanJ ĜJ) ∼= Ran

Ĝ
(Ĝ ◦ RanJ J) ∼= Ran

Ĝ
Ĝ

by Lemma 2.2.3(iv) and the fact that J is codense.
We assume without loss of generality that D contains all the singleton dia-

grams in A. Any l ∈ D[A] is colim yopDop in [A, Set] for some D : I → A ∈ D
and y : A → [A, Set]op the Yoneda embedding. It follows from the continuity of
a limit in its weight that the limit of F : A → C weighted by D[A](l, J−) = l is
exactly limFD when either side exists. Hence,

Ĝ(RanJ J(l)) = Ĝ
(
{D[A](l, J−), J−}

)
∼= Ĝ(lim JD)
∼= lim ĜJD by definition of Ĝ
∼= {D[A](l, J−), ĜJ−}
= RanJ ĜJ(l).

In fact, the argument used in the first paragraph of the previous proof shows
that if

A B.

D

G

K H

commutes, K is codense and H preserves RanK K, then G and H have the same
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codensity monad. We can also obtain the analogous result for completions under
a class of limit shapes, which is of course a special case of the previous proposition.

Corollary 4.3.18. Let G : A → B be a functor with a pointwise codensity monad
and C be a class of categories such that B is C-complete. Let Ĝ : C(A) → B be
the unique C-continuous extension of G. Then G and Ĝ have the same codensity
monad.

Let C be a class of small categories. Recall that C(−) is a (colax-idempotent)
pseudomonad on CAT. In [61], Tholen used this pseudomonad to generalise the
concept of right adjoint and monadic functor. Explicitly, a functor G : A → B
is a right C-pro-adjoint or C-pro-monadic if C(G) : C(A) → C(B) is a right
adjoint or monadic, respectively. Note that since C(−) is a pseudofunctor, any
right adjoint is a C-pro-adjoint.

Taking C to be the class Prod of all sets (seen as small discrete categories),
recovers Diers’s notions of right multiadjoint and multimonadic functor
defined in [23, p. 58] and [21, §3], respectively. The category Prod(A) is the free
product completion of A.

Lemma 4.3.19 (Tholen). A functor G : A → B is a right multiadjoint iff, for
each b ∈ B, the category b↓G has a set of connected components and each com-
ponent has an initial object.

Proof. The second condition is the original definition of right multiadjoint given
by Diers [23, p. 58]. The equivalence with the definition here was proved by
Tholen [61, Thm. 2.4].

That our definition of multimonadic functor coincides with that of Diers’s is
also due to Tholen [61, Thm. 4.1].

Our main reason to focus on the special case C = Prod is that Diers developed
the corresponding theory quite extensively in [21, 23, 22]. For example, there are
analogues of the monadicity theorems for multimonadic functors (see [21, §3
and §4]). There is also a sufficient condition for multimonadicity that is easy to
check in practice.

Definition 4.3.20. A functor G : A → B is relatively fully faithful if every
morphism of A is G-cartesian, i.e. for any pair of morphisms f : X → Z and
g : Y → Z in A with the same codomain, and any m : GX → GY in B such that
Gg ·m = Gf , there exists a unique h : X → Y such that hg = f and Gh = m.

This condition may be summarised by the following diagram:

X GX

Z GZ.

Y GY

∃!h

∀f

∀m

Gf

G

∀g Gg

It can also be understood as saying that the obvious functor G/Z : A/Z → B/GZ
that G induces on the slice category is fully faithful for all Z ∈ A.

The next proposition is part of Diers’s [21, Prop. 6.0].
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Proposition 4.3.21 (Diers). A functor that is both a right multiadjoint and
relatively fully faithful is multimonadic.

For ease of reference, we reproduce one last powerful result about multi-
monadic functors which can be found in Diers [22, p. 661]. It relates the mul-
timonadicity of a functor to the monadicity of the induced product-preserving
functor for categories over Set.

Theorem 4.3.22 (Diers). Let G : A → Set be a functor. Its unique product-
preserving extension

Ĝ : Prod(A) Set

is monadic iff G is multimonadic and satisfies:

for any set I, A ∈ A and family of morphisms (fi : A→ Ai)i∈I in A,
if (GA,Gfi)i∈I is a product cone, then I has exactly one element. (D)

If this is the case, the corresponding monad is the codensity monad of G.

Condition (D) implies that G does not create any products indexed by a set
I, unless I is a singleton. If G reflects products (e.g. if G is fully faithful), then
these two conditions are equivalent.

Examples 4.3.23.

(i) The argument in Example 4.3.4(iv) shows, in the light of Lemma 4.3.19, that
the forgetful functor V : Field ↪→ CRing is a right multiadjoint. It is clear
from the definition that right multiadjoints are closed under composition,
so the composite

Field CRing SetV U

of forgetful functors is also a right multiadjoint. Since all field homomor-
phisms are injective, it is easy to see that UV is relatively fully faithful,
and hence multimonadic by Proposition 4.3.21. Moreover, UV reflects
limits, because both U and V do, and it is clear that it does not create
any nontrivial products. It follows from Theorem 4.3.22 that the functor
ÛV : Prod(Field) → Set taking a formal product of fields to the product of
their underlying sets is monadic, and that it is the monadic reflection of
UV .
Since CRing has all products and U preserves them, the functor ÛV factors
as

Prod(Field) CRing SetV̂ U

where U is also monadic. It follows that Ĥ is an algebraic functor over Set
and hence monadic by Theorem 2.4.5. By Corollary 4.3.18, it induces the
codensity monad of V . In other words, Prod(Field) → CRing is the monadic
reflection of Field ↪→ CRing.

(ii) Similarly, Example 4.3.4(v) shows that EE = (−) + E : Set → Set is a
right multiadjoint. In fact, it is also relatively fully faithful. Indeed, let

83



f : X → Z and g : Y → Z be functions, and m : X + E → Y + E be such
that (g +E) ·m = f +E. It follows that m must act as the identity on E,
so it is of the form h+ E for a unique h : X → Y such that gh = f .
The functor EE satisfies (D) iff E has at least two elements. It is clear that
it fails for E = ∅ and E = 1 (the latter one by taking I = ∅). Now let
e, e′ ∈ E be distinct, I and X be sets, and (fi : X → Xi)i∈I be a cone such
that (X + E, fi + X)i∈I is a product cone. Since X + E is not terminal,
I is nonempty. If I has at least two elements, i and i′, then there is some
element of X +E that maps to e under fi+E and to e′ under fi′ +E, but
this is impossible. It follows that I is a singleton.
Theorem 4.3.22 then gives a proper class of monadic functors
ÊE : Prod(Set) → Set (one for each E with at least two elements), send-
ing the formal product of (Xi)i∈I to the cartesian product ∏i∈I(Xi + E).

Remark 4.3.24. Given that Corollary 4.3.18 applies to more general limit com-
pletions than those under products, it is possible to imagine generalisations of
Theorem 4.3.22 to C-pro-monadic functors, where C is perhaps a sound doctrine
of limits. We leave this investigation for future work.
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Chapter 5

Distributive laws and
pushforwards

When first learning basic arithmetic, one encounters the familiar equations

x1 · (x2 + x3) = x1 · x2 + x1 · x3 and (x1 + x2) · x3 = x1 · x3 + x2 · x3.

They are commonly referred to as the distributive law of multiplication over
addition. From the point of view of algebraic theories, or more generally monads,
these equations allow us to rewrite any product of sums as a sum of products.
Writing A and M for the free abelian group and the free monoid monads on Set,
this gives a natural transformation δ : MA → AM which is compatible with the
unit and multiplication of either monad. This natural transformation can be used
to endow the composite AM with a monad structure, which is exactly the free
(associative, unital) ring monad.

Beck realised that there is nothing special about the monads A and M in
this situation: such a natural transformation can always be used to endow the
composite endofunctor with a monad structure. He called this structure a dis-
tributive law (Definition 2.3.11), as a nod to the quintessential example above.
Recall from Theorems 2.3.13 and 2.3.14, which are essentially due to Beck, that
if T and S are monads on a category B then there is a one-to-one correspondence
between

(i) distributive laws of T over S;

(ii) monad structures on ST such that SηT : S → ST and ηST : T → ST are
monad maps and the middle unitary law holds;

(iii) monad lifts S of S along the monadic functor UT : BT → B.

Such a monad lift amounts to a lax monad functor (UT , 1) : (BT , S) → (B, S).
Note that the passage from (iii) to (ii) is given by taking the pushforward UT

♯ S,
while UT

♯ 1 = T .
Wolff [63] studied what happens to this equivalence if one relaxes (iii) above

to a monad lift S along a mere right adjoint U : A → B which induces the monad
T . The passage from (iii) to (i), or equivalently (ii), remains valid. Remarkably,
his Theorem 1.3 gives a converse statement under some mild assumptions: given
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a distributive law of T over S, one can construct a lift of S along U , initial among
those inducing the given distributive law, as soon asA has and U preserves certain
colimits.

In this chapter, we take this one step further. Codensity monads give a way
to replace an arbitrary functor by a monadic one; what happens if we further
relax (iii) above to a monad lift S of S along an arbitrary functor G : A → B
whose codensity monad is T? It turns out that the resulting pushforward G♯S
behaves in many ways like the composite monad in (ii). In particular, there
are monad maps S → G♯S and T → G♯S satisfying an analogue of the middle
unitary law (Lemma 5.1.1). Of course, the monad G♯S can only correspond to
the composite induced by a distributive law of T over S if G♯S actually coincides
with ST as an endofunctor. This is quite a strong condition, so we also consider
the corresponding question for the monad induced by the more general concept
of a weak distributive law.

As in Chapter 4, we work in the generality of monads in a 2-category K.
In Section 5.1 we tackle the case of classical distributive laws. We show that
if g : x → y is a 1-cell and s is a monad on y whose underlying 1-cell preserves
rang g, then any lift of s along g gives rise to a distributive law of g♯1 over s whose
induced composite monad is exactly g♯s (Theorem 5.1.5). In fact, if the counit of
rang g is invertible (as is the case e.g. when g is a fully faithful functor in CAT),
then there is a unique distributive law of this type, as soon as s admits a lift
along g. This allows us to prove that there is a unique distributive law between
certain pairs of monads (Example 5.1.7).

The remaining sections study the analogous situation for a weakening of dis-
tributive laws introduced by Böhm [14]. Section 5.2 introduces the necessary
background to understand these weak distributive laws and appreciate their im-
portance. In particular, we will focus on a variant of weak distributive laws which
we call π-weak (Definition 5.2.3). Every π-weak distributive law of a monad t
over a monad s induces a weak composite monad, i.e. a compatible monad struc-
ture on a retract of the composite st. Section 5.3 is devoted to proving theorems
characterising (π-)weak distributive laws in terms of their weak composites in the
style of Beck (Theorems 5.3.2 and 5.3.4). Section 5.4 then uses this characterisa-
tion to relate π-weak distributive laws to pushforwards of lifted monads as was
done in Section 5.1 for classical distributive laws (Theorem 5.4.4). This allows
use to recover Garner’s [28] weak distributive law of the ultrafilter monad over the
powerset monad from the perspective of pushforward monads (Example 5.4.5).

There is at least one other way in which distributive laws and pushforward
monads may interact which is not pursued in this chapter. As we saw at the end of
Section 2.3, distributive laws in a 2-category K are exactly monads in MND(K).
As such, one can in theory speak of pushing a distributive law forward along
a lax monad functor. The author explored this possibility but was faced with a
crucial obstacle: there seems to be no simple way of computing right extensions in
MND(K), even when K = CAT. A promising approach is to consider the locally
fully faithful 2-functor MND(CAT) ↪→ CAT→ of Theorem 2.3.7, which reflects
extensions by Lemma 2.2.3(i). Restricting to small categories, we have that Cat→
is isomorphic to the 2-category Cat(Set→) of categories internal to the presheaf
topos Set→, because category objects are defined in terms of limits and these are
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computed objectwise in Set→. However, even in this setting we have not been
able to obtain a simple ‘pointwise’ formula for right extensions in Cat(Set→).

5.1 Pushforwards and distributive laws
For the remainder of this section, let g : x→ y be a 1-cell in a 2-category K and
let (g, θ) : (x, s) → (y, s) be a lax monad functor. We assume that g♯1 and g♯s
exist, and write ϵx and ϵs for their respective counits. Already in this minimal
scenario two monad maps are available:

• ψ : s → g♯s, corresponding under Theorem 4.1.5 to the lax monad functor
(g, θ). It is the unique 2-cell such that

ϵs · ψg = θ; (ψ)

• ϕ : g♯1 → g♯s, the image of the monad map ηs : 1 → s under the (partial)
functor g♯ (see Lemma 4.1.4 and Example 2.3.4). It is the unique 2-cell such
that

ϵs · ϕg = ηs · ϵx. (ϕ)

Moreover, these maps satisfy a version of the middle unitary law of Theo-
rem 2.3.13, as the next lemma shows. In the ordinary middle unitary law, ν
below is just an identity. In this generality, we need to involve a mediating 2-cell.

Lemma 5.1.1. The diagram

s(g♯1)

(g♯s)2 g♯s

ψϕ ν

µg♯s

commutes, where ν is the unique 2-cell such that

ϵs · νg = θ · sϵx. (ν)

Proof. Consider the commutative diagram

s(g♯1)g sg gs

s(g♯s)g sgs gs2

(g♯s)2g (g♯s)gs gs2

(g♯s)g gs.

sϵx

sϕg

θ

sgηs gsηs

sϵs

ψ(g♯s)g
θs

ψgs

(g♯s)ϵs
µg♯sg

ϵss

gµs

ϵs

(ϕ)

(ψ)

(ϵs.µ)

(∗)

(∗)
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Altogether, this shows that

ϵs ·
(
µg♯s · ψϕ

)
g = gµs · gsηs · θ · sϵx (s.r)= θ · sϵx.

The result follows by the uniqueness of ν.

In the absence of a distributive law of g♯1 over s, one cannot ask for ν to be a
monad map, because its domain may not be a monad. If we do have a distributive
law δ : (g♯1)s → s(g♯1), then ν will be a monad map as soon as δ is compatible
with θ in the sense of the following proposition.

Proposition 5.1.2. Let δ : (g♯1)s→ s(g♯1) be a distributive law. If

(g♯1)sg s(g♯1)g

(g♯1)gs gs sg

δg

(g♯1)θ sϵx

ϵxs θ

(5.1)

commutes, then ν : s ◦δ g♯1 → g♯s in Lemma 5.1.1 is a monad map.
Moreover, if s is a genuine lift of s and g♯1 is a genuine extension of g, i.e.

if θ and ϵx are invertible, respectively, then (5.1) commutes.

Proof. By Theorem 4.1.5, ν is a monad map iff (g, θ · sϵx) is a lax monad functor
(x, s) → (y, s ◦δ g♯1). We check the axioms for the latter.

First, note that
g sg

s(g♯1)g

gs sg

ηsg

gηs

sηg♯1g

sϵx

θ

(θ.η) (ϵx.η)

commutes. Hence,
(θ · sϵx) · ηsηg♯1g = gηs,

so (g, θ · sϵx) is compatible with the unit.
Second, consider the commutative diagram

s(g♯1)s(g♯1)g s(g♯1)sg s(g♯1)gs

s2(g♯1)2g s2(g♯1)g

s2(g♯1)g s2g sgs gs2

s(g♯1)g sg gs.

s(g♯1)sϵx

sδ(g♯1)g

s(g♯1)θ

sδg

sϵxs
s2(g♯1)ϵx

s2µg♯1g s2ϵx

s2ϵx

µs(g♯1)g

sθ

µsg

θs

gµs

sϵx θ

(5.1)

(ϵx.µ)

(θ.µ)

(∗)

(∗)
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This shows that

(θ · sϵx) ·
{
µsµg♯1 · sδ(g♯1)

}
g = gµs · (θ · sϵx)s · s(g♯1)(θ · sϵx),

so (g, θ · sϵx) is compatible with the multiplication.
For the last part, we will actually prove a stronger statement: if ηg♯1sg is epic,

then (5.1) commutes. The result follows because, if ϵx is invertible, then so is
ηg♯1g = ϵ−1 and further, if θ is invertible, the so is ηg♯1sg = (g♯1)θ−1 · ηg♯1gs · θ.
Now consider the diagram

gs sg sg

(g♯1)gs (g♯1)sg s(g♯1)g

gs sg.

ηg♯1gs

θ

ηg♯1sg sηg♯1g

ϵxs

(g♯1)θ δg

sϵx

θ

(ϵx.η)

(∗) (δ.ηg♯1)

(ϵx.η)

The outside face commutes trivially. If ηg♯1sg is epic, then the bottom pentagon,
i.e. (5.1), commutes.

The next proposition can be thought of as a partial converse to the previous
one. We will first need a simple lemma about monad maps.

Lemma 5.1.3. Let r, s and t be monads on x, and α : r → s and β : s → t be
2-cells with β monic. If β and β · α are monad maps, then so is α.

Proof. Since β is monic,

β · α · ηr ((β·α).η)= ηt
(β.η)= β · ηs,

implies that α · ηr = ηs. Similarly, α is compatible with the multiplication.

If α : s → t is a monic 2-cell and t has a monad structure, then s admits at
most one monad structure which makes α a monad map. This happens precisely
when µt · αα and ηt factor through α. In this situation, we say that the monad
structure of t restricts along α.

Proposition 5.1.4. Let ν : s(g♯1) → g♯s be as in Lemma 5.1.1. If ν is monic and
the monad structure of g♯s restricts along it, then the restricted monad structure
is the composite monad given by a distributive law of g♯1 over s satisfying (5.1).
Moreover, this is the unique such distributive law.

Proof. Let η and µ be the unit and multiplication of the restricted monad struc-
ture on s(g♯1). It is easy to see that

ν · sηg♯1 = ψ and ν · ηs(g♯1) = ϕ, (5.2)
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since

s(g♯1)g (g♯s)g

sg sg gs,

νg

sϵx ϵs
sηg♯1g

θ

(ν)(ηg♯1) and
(g♯1)g s(g♯1)g (g♯s)g

g sg gs.

ηs(g♯1)g

ϵx

νg

sϵx ϵs

ηsg

gηs

θ

(ν)

(θ.η)

(∗)

Since ν, ψ and ϕ are monad maps and ν is monic, it follows from Lemma 5.1.3
that sηg♯1 and ηs(g♯1) are monad maps. In particular, since they are compatible
with the unit, η = ηsηg♯1.

Now consider the diagram

s(g♯1) {s(g♯1)}2 s(g♯1)

(g♯s)2 g♯s

sηg♯1ηs(g♯1)

ψϕ

µ

νν ν

µg♯s

(5.2) (ν.µ)

By Lemma 5.1.1, the bottom composite is ν. Since ν is monic, we conclude that
µ ·sηg♯1ηs(g♯1) = 1s(g♯1). By Theorem 2.3.13, this shows that the monad structure
of s(g♯1) comes from a distributive law of g♯1 over s.

That the corresponding distributive law δ : (g♯1)s → s(g♯1) satisfies (5.1) fol-
lows from the commutativity of

(g♯1)sg s(g♯1)s(g♯1)g s(g♯1)g

(g♯1)(g♯s)g (g♯s)2g (g♯s)g sg

(g♯1)gs (g♯s)gs

gs gs2 gs.

ηs(g♯1)sηg♯1g

(g♯1)ψg

(g♯1)θ

µg

ννg νg
sϵx

ϕ(g♯s)g
(g♯1)ϵs

µg♯sg
(g♯s)ϵs

ϵs

θ
ϕgs

ϵxs ϵss

gηss gµs

(ν)

(ψ)

(5.2) (ν.µ)

(ϕ)

(ϵs.µ)

(s.l)

(∗)

Lastly, suppose δ′ : (g♯1)s → s(g♯1) is a distributive law satisfying (5.1). By
Proposition 5.1.2, ν is a monad map. Since ν is monic, this means that the
monad structure s ◦δ′ g♯x is precisely the restriction along ν of that of g♯s. Thus,
δ′ and δ induce the same composite monad, which by Theorem 2.3.13 implies
that δ′ = δ.

We are now ready for the main result of this section, which generalises the

90



construction of a distributive law from a monad lift along a monadic functor. We
call a lax monad functors (g, θ) strong if θ is invertible.

Theorem 5.1.5. Let g : x → y be a 1-cell in K and s be a monad on y whose
1-cell part preserves rang g. Every strong monad functor (g, θ) : (x, s) → (y, s)
induces a distributive law δ of g♯1 over s satisfying (5.1) such that the resulting
composite monad is g♯s.

Moreover, if the counit ϵx of rang g is invertible and there is at least one strong
monad functor (g, θ) : (x, s) → (y, s), then there exists a unique distributive law of
g♯1 over s, and the monad isomorphism class of g♯s is independent of the choice
of lift s.

Proof. Since s preserves rang g, the 1-cell s(g♯1) is a right extension of sg along
g with counit sϵx. Since θ : sg → gs is an isomorphism, g♯s is given by s(g♯1)
with counit θ · sϵx. It follows that the 2-cell ν : s(g♯1) → g♯s of Lemma 5.1.1 is
the identity, and hence the monad structure of g♯s trivially restricts along it. By
Proposition 5.1.4, g♯s = s(g♯1) is the monad induced by the unique distributive
law of g♯1 over s satisfying (5.1).

Now suppose ϵx is invertible and let (g, θ) : (x, s) → (y, s) be a strong
monad functor. By Proposition 5.1.2, any distributive law δ of g♯1 over s satis-
fies (5.1) and hence is equal to the one above. Any other strong monad functor
(g, θ′) : (x, s′) → (y, s) induces this unique distributive law, so that g♯s′ and g♯s
are isomorphic monads.

Example 5.1.6. If g is a right adjoint, then s preserves rang g, and so every
strong monad functor (g, θ) : (x, s) → (y, s) induces a distributive law of g♯1 over
s. This recovers the main statement of Lemma 1.1 of Wolff [63]. If g = ut for
some monad t on y, this is the familiar construction of a distributive law from
a monad lifted along ut. In particular, if g = ut and (ut, θ) : (yt, sδ) → (y, s)
is the monad lift induced by a distributive law δ of t over s, then (5.1) always
commutes.

Example 5.1.7. As we will see in Section 6.1.1, Theorem 5.1.5 implies that there
is a unique distributive law of the ultrafilter monad on Set over

(i) the exception monad −+ E, where E is a finite set;

(ii) the free M -set monad, where M is a finite monoid;

(iii) the reader monad (−)I , where I is a finite set;

(iv) the state monad (S ×−)S, where I is a finite set.

The machinery needed to prove Theorem 5.1.5 can also be used to prove that
no distributive law of a given type exist.

Proposition 5.1.8. Let (g, θ) : (x, s) → (y, s) be a strong monad functor and ϵx
be invertible. Suppose the 2-cell ν : s(g♯1) → g♯s in Lemma 5.1.1 is monic. Then
there is a (unique) distributive law of g♯1 over s iff the monad structure of g♯s
restricts along ν.
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Proof. By Proposition 5.1.2, any distributive law satisfies (5.1) for any strong
monad functor (g, θ) as in the statement. The backwards implication is then
given by Proposition 5.1.4. For the forward one, Proposition 5.1.2 shows that ν
is a monad map. Since it is monic, this is precisely what it means for the monad
structure of g♯s to restrict along ν.

Proposition 6.1.19 below uses this characterisation to show that there is no
distributive law of the ultrafilter monad over the finite powerset monad.

5.2 The weak theory of monads
In [14], Böhm develops a generalisation of the formal theory of monads to allow
lax monad functors which are not necessarily compatible with the unit. The
result is a 2-category EMw(K) where the 0-cells are monads in K and the 1-cells
(x, t) → (y, s) are pairs (g, ϕ) of a 1-cell g : x → y and a 2-cell ϕ : sg → gt such
that (ϕ.µ) commutes. The price of relaxing the requirement on the 1-cells is
paid by imposing an extra condition on the 2-cells, when compared to the 2-cells
of EM(K), which is needed to make EMw(K) a 2-category. Explicitly, a 2-cell
(g, ϕ) → (h, ψ) in EMw(K) is a 2-cell α : g → ht in K such that

sg gt ht2

sht ht2 ht

ϕ

sα

αt

hµt

ψt hµt

and
g ht sht

ht ht2

α

α

ηsht

ψt

hµt

commute.
Just as EM(K) containsMnd(K) as a 1-full wide sub-2-category, Böhm defines,

not one, but two 1-full wide sub-2-categories of EMw(K) which approximate the
role of Mnd(K) in EM(K). These are the 2-categories Mndι(K) and Mndπ(K)
of [14, Cor. 1.4]. Their intersection Mndι(K) ∩ Mndπ(K) is also a 1-full wide
subcategory, which we denote by Mndw(K). The relationships between all of
these 2-categories can be summarised by the diagram

Mnd(K) Mndw(K)

Mndι(K) Mndπ(K)

EM(K) EMw(K),

where the hooked arrows are inclusions of 1-full sub-2-categories and the horizon-
tal ones are inclusions of 2-full sub-2-categories, all of which are wide.

Our focus will be on Mndπ(K) because it has the strongest connection to
pushforwards of lifted monads. We formally introduce its data now. That these
data actually form a 2-category is the content of Böhm [14, Cor. 1.4].
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Definition 5.2.1 (Böhm). Let Mndπ(K) be the 2-category where

• 0-cells are monads in K, just like in Mnd(K);

• 1-cells (x, t) → (y, s) are pairs (g, ϕ) such that (ϕ.µ) commutes;

• 2-cells (g, ϕ) → (h, ψ) are 2-cells α : g → h such that the following diagram
commutes:

gt sg sh

ht sht ht2 ht.

αt

ϕ sα

ψ

ηsht ψt hµt

Composition and identities are as in Mnd(K).

Just as a monad in Mnd(K) is a distributive law and a monad in EM(K) is
a wreath, we will call the data of a monad in Mndw(K) a weak distributive law
(following Garner’s terminology in [28, §3.2]) and that of a monad in EMw(K) a
weak wreath. In simple terms:

Definition 5.2.2. Let s and t be monads on x. A weak distributive law of t
over s is a 2-cell δ : ts→ st such that (δ.ηs), (δ.µs) and (δ.µt) in Definition 2.3.11
commute.

We do not write down the explicit data that make a weak wreath for two
reasons. First, it involves two endo-1-cells, but only one of them is required to
be a monad. This is too general for our purposes of relating such structures to
the pushforward of lifted monads, since in the latter case we always start with
two monads. Second, Böhm [14, Thm. 2.3] shows that weak wreaths correspond
bijectively to certain premonads in K. One may take this correspondence, stated
as Theorem 5.2.6 below, as an implicit definition of a weak wreath.

The structure that we will be most concerned with is that of a monad in
Mndπ(K), which we call a π-weak distributive law. In simple terms:

Definition 5.2.3. Let s and t be monads on x. A π-weak distributive law of
t over s is a 2-cell δ : ts→ st such that (δ.µt) and the following commute:

t ts

st tst st2 st,

tηs

ηst δ

ηtst δt sµt

(δ.wηs)

s2t sts ts2 ts

st tst st2 st.

µst

sδ δs tµs

δ

ηtst δt sµt

(δ.wµs)

Since Mndw(K) ⊆ Mndπ(K) ⊆ EMw(K), every weak distributive law is a π-
weak distributive law, and every π-weak distributive law gives rise to a weak
wreath.

Given a monad t on x and an endo-1-cell s of x, a wreath δ : ts → st can be
used to equip st with a monad structure. A weak wreath can instead be used to
equip st with a premonad structure, as defined by Böhm [14, Def. 2.1].
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Definition 5.2.4 (Böhm). A premonad on x is a triple (t, µ, η) consisting of
a 1-cell t : x → x and 2-cells µ : t2 → t, the multiplication, and η : 1 → t, the
preunit, such that the following diagrams commute.

t3 t2

t2 t,

tµ

µt µ

µ

(t.a)

t t2

t2 t,

tη

ηt µ

µ

(t.u)
1 t2

t,

ηη

η µ
(t.i)

t2 t3

t t2.

ηt2

µ µt

µ

(t.e)

A premonad map (t, µt, ηt) → (s, µs, ηs) is a 2-cell θ : t → s compatible with
the multiplication and the preunit, i.e. such that (θ.µ) and (θ.η) commute.

As with monads, we will often use the 1-cell to refer to the entire premonad,
so that (t, µ, η) will usually be abbreviated to t. It is easy to see that every monad
is in particular a premonad.

Remark 5.2.5. Premonads on x and their maps form a category over K(x, x).
In fact, examining the axioms involved in Definition 5.2.4, it is clear that this is
the category of algebras in K(x, x) of a suitable ‘premonoid’ operad. As with all
such categories, if the 2-cell of K underlying an idempotent map of premonads
splits, then there is a unique lift of this splitting to the category of premonads.
In other words, if θ : t→ t is an idempotent map of premonads on x which splits
in K(x, x) as π : t → t̃ followed by ι : t̃ → t, then t̃ admits a unique premonad
structure such that π and ι are premonad maps given by

µ̃ := t̃2 t2 t t̃ιι µt π and η̃ := 1 t t̃.
η π

Theorem 5.2.6 (Böhm). Let t be a monad on x and s be an endo-1-cell of x.
There is a one-to-one correspondence between

(i) weak wreaths of t over s, i.e. monads (t t
(s, δ)

, ν, η) in EMw(K);

(ii) premonads (st, µ, η) in K such that the following commutes:

stst2 st2

stst st.

µt

stsµt sµt

µ

The main interest of premonads and, in particular, weak wreaths is that,
subject to the splitting of a certain idempotent 2-cell, they correspond exactly to
the endo-1-cells which admit a retract with a monad structure, as the following
lemma shows. The main result of part (i) is given by Böhm [14, Lem. 2.2], but
we shall need the slightly sharper statement.

Lemma 5.2.7. Let t : x→ x be a 1-cell in K.
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(i) If (t, µ, η) is a premonad, then t t2 t
ηt µ is an idempotent map of pre-

monads. If the underlying 2-cell of this idempotent splits, say through
π : t → t̃ and ι : t̃ → t, then t̃ can be equipped with a unique premonad
structure such that π and ι are premonad maps, given by

µ̃ := t̃2 t2 t t̃ιι µ π and η̃ := 1 t t̃.
η π

Moreover, (t̃, µ̃, η̃) is actually a monad.

(ii) If ι : t̃→ t is a retract in K(x, x), with retraction π : t→ t̃, and (t̃, µ̃, η̃) is a
monad, then t can be equipped with a unique premonad structure such that
ι and π are premonad maps and t̃ is the monad arising from t by part (i),
given by

µ := t2 t̃2 t̃ tππ µ̃ ι and η := 1 t̃ t.
η̃ ι

(iii) The two processes in (i) and (ii) are mutually inverse.

Proof. For (i), first note that we have

µ = (µ · ηt) · µ (5.3)

by
t t2 t2

t2 t3 t2 t.

ηt

µµ

ηt2

µ

tµ

µt
µ

(∗)

(t.e)

(t.a)

It is clear then that the 2-cell µ · ηt is idempotent. It is compatible with the
preunits by (t.i), and the multiplication by

t2 t3 t4 t3 t2

t4 t3

t t2 t2 t.

ηt2

µ

t2ηt

tηt2

tµ

t2µ

tµt

µt

tµ µ
tµt

tµ

ηt µ

(∗)

(t.u)
(t.a)

(t.a)

(t.e)

By Remark 5.2.5, we split the idempotent µ · ηt to get a unique premonad
structure (t̃, µ̃, η̃) such that π : t→ t̃ and ι : t̃→ t are premonad maps.

Since ι is a premonad map, we have ι · µ̃ · η̃t̃ = µ · ηt · ι = ι, so µ̃ · η̃t̃ = 1
because ι is monic. As µ · tη = µ · ηt by (t.u), we similarly have µ̃ · t̃η̃ = 1. Hence,
t̃ is actually a monad.

For (ii), first note that π and ι are compatible with the multiplication and
preunit defined in the statement (since π · ι = 1), so they will become premonad
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maps as soon as we show that (t, µ, η) is a premonad. Moreover, µ = (ι · π) · µ
and η = (ι ·π) ·η by definition. The axioms of a premonad for t then follow easily
from those of t̃, e.g. (t.u) follows from

µ · tη = ι · π · µ · tη
= ι · µ̃ · t̃η̃ · π by (π.µ) and (π.η)
= ι · µ̃ · η̃t̃ · π by (t̃.u)
= ι · π · µ · ηt by (π.µ) and (π.η)
= µ · ηt.

Since (t̃, µ̃, η̃) is a monad, the 2-cells in the second and third line are just ι ·π,
so that the idempotent µ · ηt is ι · π. The monad structure induced by (i) on t̃ is
easily seen to agree with its original one, since π · ι = t̃.

Now suppose (t, µ′, η′) is a premonad structure on t such that π and ι are
premonad maps and µ′ · η′t = ι · π. Since ι is compatible with the preunits, we
immediately have η′ = ι · η̃ = η. Moreover,

µ′ (5.3)= (ι · π) · µ′ (π.µ)= ι · µ̃ · ππ = µ.

Hence, (t, µ, η) is the unique premonad structure on t with these properties.
For (iii), we have already shown that passing from a monad structure on a

retract t̃ to a premonad structure on t and back results in the original monad
structure. If (t, µ, η) is a premonad inducing the retract monad (t̃, µ̃, η̃), we obtain
a new multiplication and preunit for t as

µ′ := t2 t2 t tιι · ππ µ ι · π and η′ := 1 t t.
η ι · π

However, these coincide with the old multiplication and preunit since ι ·π = µ ·ηt,

µ′ = ι · π · µ · ιι · ππ
= ι · π · ι · π · µ by ((ι · π).µ)
= µ by (5.3),

and ι · π · η = η by (t.i).

Thanks to the previous lemma and Theorem 5.2.6, a weak wreath, and in
particular a π-weak distributive law, induces a monad as soon as a certain idem-
potent 2-cell in K splits. We will call this monad the weak composite induced
by the weak wreath. We record its construction as a corollary.

Corollary 5.2.8. Let δ : ts→ st be a π-weak distributive law. Then the 2-cell

st tst st2 st
ηtst δt sµt (5.4)

is idempotent. Moreover, if st s̃t stπ ι is a splitting of this idempotent, then
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the 2-cells

η̃ := 1 st s̃t
ηsηt π

µ̃ := s̃ts̃t stst s2t2 st s̃tιι sδt µsµt π

make (s̃t, µ̃, η̃) a monad, which we denote by s ◦̃δ t.

Proof. A π-weak distributive law is in particular a weak wreath, so we can use
Theorem 5.2.6 to construct a premonad structure on st. Examining the proof
of [14, Thm. 2.3], we see that the multiplication and preunit are

η := 1 ts st,
ηtηs δ

µ := stst s2t2 st tst st2 st.sδt µsµt ηtst δs sµt

The corresponding idempotent of Lemma 5.2.7(i) is then µ · ηst which simplifies
to (5.4) by

st ts2t stst s2t2 st2 st

tst st2 st3 tst2

st st2 tst.

ηtηsst

ηtst

δst

tµst

sδt µst2 sµt

ηtst2

ηtst
δt

sµt

sµtt

stµ2

δt2

sµt δt

(∗)

(s.l) (δ.wµs)

(t.a)

The retract monad is that given by the same lemma. The unit η̃ in the statement
already coincides with the one there since

ι · π · δ · ηtηs = ι · π · δ · tηs · ηt

= ι · π · ι · π · ηst · ηt by (δ.wηs)
= ι · π · ηsηt

and ι is (split) monic. To see that the multiplication also agrees, simply note
that µ = ι · π · µsµt · sδt.

So far, all our statements have been about monads in K. We should expect
corresponding statements about their Eilenberg–Moore objects, when they ex-
ist. This is achieved by the pseudofunctor Jw : EMw(K) → K constructed by
Böhm [14, Thm 3.5] under the assumption that K admits the construction of
algebras and splittings for all its idempotent 2-cells. It sends a monad t on x to
its Eilenberg–Moore object xt. Given a 1-cell (g, ϕ) : (x, t) → (y, s), the 2-cell

gut sgut gtut gut
ηsgut ϕut gutϵt
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is idempotent, and hence splits through some πg : gut → g̃ and ιg : g̃ → gut. Then

ϕ̃ := sg̃ sgut gtut gut g̃sι ϕut gutϵt ι

is such that (g̃, ϕ̃) is a lax monad functor (xt, xt) → (y, s), and hence induces a
1-cell g : xt → ys such that usg = g̃. This is how Jw(g, ϕ) is defined. We will not
need the explicit action of Jw on the 2-cells. In any case, being a pseudofunctor,
Jw sends monads to monads, so that a weak wreath on t induces a monad on xt.

Since our primary interest is on Mndπ(K), we focus on this process in this
restricted case.
Definition 5.2.9. For K admitting the construction of algebras, let Liftπ(K) be
the 2-category where

• 0-cells are monads in K,

• 1-cells (x, t) → (y, s) are tuples (g, g, πg, ιg) fitting into a diagram

xt ys

x y

g

ut us

g

πg

ιg

in K, where πg · ιg = 1,

• 2-cells (g, g, πg, ιg) → (h, h, πh, ιh) are pairs (α, α) where α : g → h and
α : g → h are 2-cells in K such that

xt ys

x y

g

h

ut us
πg

g

α

=

xt ys

x y.

h

g

ut us
πh

h

α

Composition of 1-cells is by horizontal pasting, and composition of 2-cells
is done componentwise. Altogether, Liftπ(K) admits two forgetful 2-functors
U,U : Liftπ(K) → K, with

U(g, g, πg, ιg) = g and U(g, g, πg, ιg) = g.

Note that even though the section ιg does not play a role in the definition of
the 2-cells, it cannot be dropped without changing Liftπ(K), since it differentiates
1-cells with the same retraction but different sections.
Theorem 5.2.10 (Böhm). Let K admit the construction of algebras and splittings
of idempotent 2-cells. The restriction of the pseudofunctor Jw : EMw(K) → K to
Mndπ(K) factors through U : Liftπ(K) → K, and this factorisation is in fact a
biequivalence

Mndπ(K) ≃ Liftπ(K).
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Proof. This is essentially the content of Böhm [14, Thm. 4.4]. It only remains to
check that the pseudofunctor Mndπ(K) → Liftπ(K) is bi-essentially surjective, in
the terminology of Lack [39, p. 122]. This holds by construction, because both
2-categories have the same 0-cells.

5.3 Weak composite monads

This section is devoted to characterising weak and π-weak distributive laws in
terms of the weak composite monads they induce by Corollary 5.2.8. Its main
results can be thought of as a generalisation of Theorem 2.3.13 to the weak setting.
The purpose of this generalisation from the point of view of pushforwards of lifted
monads should be clear from Section 5.1, where Theorem 2.3.13 was extensively
used to relate them to distributive laws.

The first step is to show that the canonical 2-cells from s and t to the weak
composite induced by a π-weak distributive law between them are monad maps.

Lemma 5.3.1. Let s and t be monads on x, and δ : ts → st be a π-weak dis-
tributive law. Let s̃t be the weak composite monad δ induced by Corollary 5.2.8,
with splitting π : st→ s̃t and ι : s̃t→ st. Then the 2-cells

σ := s st s̃t
sηt π (σ)

and
τ := t st s̃t

ηst π (τ)
are monad maps.

Proof. It is convenient to note that δ factors through ι : s̃t→ st and that compos-
ing with π : st→ s̃t ‘fixes’ the commutativity of the diagrams that would make δ
a genuine distributive law, i.e.

ι · π · δ = δ, (5.5)
π · δ · ηts = π · sηt, (5.6)
π · δ · tηs = π · ηst, (5.7)
π · δ · tµs = π · µst · sδ · δs. (5.8)

The first one follows from

ts t2s ts st

st tst st2.

ηtts

δ

µts

tδ

δ

ηtst δt

sµt

(t.l)

(∗) (δ.µt)
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Equation (5.6) then follows from

s ts st

st tst st2 st,

ηts

sηt

δ

stηt

ηtst δt sµt

(∗) (t.r)

since ι is monic and

ι · π · sηt = δ · ηts = ι · π · δ · ηts.

Equations (5.7) and (5.8) are proved similarly, using (δ.wηs) and (δ.wµs), respec-
tively. We also record that, since π and ι ·π are premonad maps by Lemma 5.2.7,

µ̃ · ππ = π · ι · π · µsµt · sδt = π · µsµt · sδt, (5.9)

and
ι · π · µsµt · sδt = ι · π · ι · π · µsµt · sδt = ι · π · µsµt · sδt · ιι · ππ

so that, as ι is monic,

π · µsµt · sδt = π · µsµt · sδt · ιι · ππ. (5.10)

That σ and τ are compatible with the unit is immediate from their defini-
tion and that of η̃ in Corollary 5.2.8. We have that τ is compatible with the
multiplication by

stst stst stst s̃t
2

t2 t2s tst st2 s2t2

t ts st st

st s̃t.

st(ι · π) ππ

sδt

µ̃

ηstηst

t2ηs

µt

tδ

µts

ηstst

δt ηsst2

sµt µsµt

tηs

ηst

δ

π

π

(δ.wηs)

(∗) (δ.µt)

(∗)

(s.l)
(5.9)

(5.7)
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Similarly, σ is compatible with the multiplication by

stst stst stst s̃t
2

s2 ts2 sts s2t s2t2

s ts st st st

st s̃t s̃t.

(ι · π)st ππ

sδt

µ̃

sηtsηt

ηts2

µs

δs

tµs

stsηt

sδ s2tηt

µst µsµt

ηts

sηt

δ

π
π π

π

(5.6)

(∗) (5.8)

(∗)

(t.r)
(5.9)

(5.6) (=)

Even in the case of (nonweak) composite monads and distributive laws, a
monad structure on st such that ηst : t→ st and sηt : s→ st are monad maps is
not enough to guarantee that st is the monad induced by a distributive law. What
is missing is Beck’s middle unitary law (see Theorem 2.3.13). Condition (ii)(a) in
the next theorem is the analogue of this law for π-weak distributive laws. In fact,
the addition of only one more condition, namely (ii)(b), is enough to completely
characterise π-weak distributive laws of t over s in terms of monad structures on
retracts of st.

Theorem 5.3.2. Let s and t be monads on x. There is a one-to-one correspon-
dence between

(i) π-weak distributive laws δ : ts→ st such that (5.4) splits;

(ii) retracts s̃t st
ι

π
with a monad structure (s̃t, µ̃, η̃) such that

σ := s st s̃t
sηt π and τ := t st s̃t

ηst π

are monad maps and the following commute:

st

s̃t
2

s̃t,

στ π

µ̃

(a)

s̃tt st2

s̃t
2

s̃t st.

ιt

s̃tτ sµt

µ̃ ι

(b)

Proof. First we show how the data of (i) give rise to those of (ii). The monad
structure on a retract of st is that of Corollary 5.2.8. We have already seen that
σ and τ are monad maps in Lemma 5.3.1.
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To show that (a) and (b) commute, first note that

st2 tst2 st3 st2

st tst st2 st,

ηtst2

sµt

δt2 sµtt

stµt sµt

ηtst δt sµt

(ι · π)t

ι · π

(∗) (t.a)

(ι · π)

(ι · π)

(5.11)

and

s2t stst s2t2 s2t st

stst s2t2 st s̃t

ts2t stst s2t2 st s̃t

st2 st

st tst st2 st s̃t

sηtst

s(ι · π)

ηts2t

µst

sδt

ιι · ππ

s2µt µst

π

sδt µsµt π

δst

tµst

ιι · ππ
sδt µsµt

µst2

π

sµt

(ι · π)t ι · π
ηtst

π

δt sµt π

(ι · π)

(5.6)

(∗)

(5.10)

(δ.wµs)

(5.10)

(∗)

(5.11)

(π · ι)

(ι · π)

(5.12)

commute. Then (a) commutes by

stst s2t2 s̃t
2

s2t s2t st s̃t

st st s̃t.

sδt

ππ

s2µt µ̃sηtst

s(ι · π)

µst

µst π
sηst

π

(5.9)

(ι · π)

(5.12)(s.r)
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Lastly, (b) commutes since the outside face of

st2 s̃tt st2

s̃t
3

s̃t
2

st s̃t
2

s̃t st

πt

σττ

sµt

ιt

s̃tτ

sµt
µ̃s̃t

s̃tµ̃ µ̃

στ

π

µ̃ ι

(a)

(τ.µ)
(s̃t.a)

(a)

commutes by (5.11), and πt is (split) epic.

Next, we show how the data of (ii) can be used to construct those of (i). We
define

δ := ts s̃t
2

s̃t st,τσ µ̃ ι

and show that it satisfies the axioms of a π-weak distributive law (Defini-
tion 5.2.3). By definition,

π · δ = µ̃ · τσ. (5.13)
Then (δ.µt) follows from

t2s tst s̃t
2
t s̃tt st2

s̃t
3

s̃t
2

s̃t
3

s̃t
2

ts s̃t
2

s̃t s̃t st.

tδ

ττσ

µts

τσt

δt

τπ

µ̃t

s̃t
2
τ

ιt

s̃tτ

sµt
s̃tµ̃

µ̃s̃t µ̃

s̃tµ̃ µ̃s̃t

µ̃

τσ

δ

µ̃ ι

(5.13)

(τ.µ)

(δ)

(a) (∗)

(s̃t.a) (s̃t.a)

(b)

(δ)

For the remaining two axioms, first note that

st st st

s̃t
2
t s̃tt s̃t

2
s̃t

tst st2 st.

η̃σt

ηtst

σ π

µ̃t s̃tτ

ιt

µ̃

ιτσt

δt sµt

(τ.η)

(s̃t.l) (a)

(b)(δ)

(5.14)
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Using this, we see that (δ.wηs) commutes by

t t st

s̃t
2

s̃t

ts st,

τ η̃

tηs

ηst

τ

ι · π
µ̃

ιτσ

δ

(σ.η)

(s̃t.r)
(τ)

(δ)

and (δ.wµs) commutes by

ts2 sts s2t st

s̃t
3

s̃t
2

s̃t
3

s̃t
2

s̃t
3

s̃t
2

s̃t
2

s̃t s̃t s̃t

ts st.

δs

τσσ

tµs

sδ

πσ στσ

µst

σπ σστ στ

π
µ̃s̃t

s̃tµ̃ µ̃
µ̃s̃t s̃tµ̃

µ̃
s̃tµ̃ µ̃s̃t

µ̃

µ̃
ι

τσ

δ

(5.13)

(σ.µ)

(a)
(5.13)

(a)
(σ.µ)

(s̃t.a) (s̃t.a) (s̃t.a)

(a)

(δ)

It remains to show that the two processes described are inverse to each other.
Starting with a π-weak distributive law δ produces a new π-weak distributive law

δ′ := ts stst stst s2t2 st st.
ηstsηt ιι · ππ sδt µsµt ι · π

But

δ′ = ι · π · µsµt · sδt · ιι · ππ · ηstsηt

= ι · π · µsµt · sδt · ηstsηt by (5.10)
= ι · π · µsµt · ηsstηt · δ by (∗)
= ι · π · δ by (5.5)
= δ.

In the other direction, the data of (ii) induces a π-weak distributive law δ =
ι · µ̃ · τσ. The corresponding idempotent in (5.4) is again ι · π by (5.14). This
induces a monad structure on s̃t given by

η̃′ := π · δ · ηtηs = µ̃ · τσ · ηtηs = µ̃ · η̃η̃ = η̃,

since τ and σ are compatible with the unit, and

µ̃′ := π · µsµt · sδt · ιι.
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Note that
µ̃ · στ · ι = π · ι = s̃t. (5.15)

Then

µ̃′ = π · µsµt · sδt · ιι
= π · µsµt · sιt · sµ̃t · sτσt · ιι
= µ̃ · στ · µsµt · sιt · sµ̃t · sτσt · ιι by (a)
= µ̃ · µ̃µ̃ · σσττ · sιt · sµ̃t · sτσt · ιι by (σ.µ) and (τ.µ)
= µ̃ · µ̃s̃t · s̃tµ̃s̃t · σσττ · sιt · sµ̃t · sτσt · ιι by (s̃t.a)
= µ̃ · µ̃s̃t · σs̃tτ · sµ̃t · sτσt · ιι by (5.15)
= µ̃ · µ̃s̃t · s̃tµ̃s̃t · στστ · ιι by (∗)
= µ̃ · µ̃µ̃ · στστ · ιι by (s̃t.a)
= µ̃ by (5.15),

so we recover the original monad structure on s̃t.

We would like a similar characterisation of weak distributive laws in terms of
weak composites. The following rewriting lemma will be useful for this. It implies
that if δ : ts→ st is a weak distributive law, then a composite of whiskerings of δ,
µt and µs by s and t whose codomain is st is uniquely determined by its domain.
Faces of diagrams which commute by Lemma 5.3.3 will be labelled by (coh).

Lemma 5.3.3. Let M be the 2-category generated by a single object, two endo-
1-cells s and t, and 2-cells

• µs : s2 → s satisfying µs · sµs = µs · µss,

• µt : t2 → t satisfying µt · tµt = µt · µtt,

• δ : ts→ st such that (δ.µs) and (δ.µt) commute,

and no other relations. Let w be a word in s and t with at least one copy of each.
Then M has a unique 2-cell of type w → st.

Proof. A 1-cell f of M is a (possibly empty) word in s and t. Let l(f) denote
the length of the word. Let p(f) be the number of pairs (i, j) with 1 ≤ i <
j ≤ l(f) such that the i- and j-th letters of f are t and s respectively. Let
q(f) = l(f) + p(f). We induct on q(w).

The 2-cells of M are composites of whiskerings of µs, µt and δ by s and
t. We shall call such whiskerings basic 2-cells. If α is a basic 2-cell, then
q(domα) > q(codα). It follows that q(domα) > q(codα) for any nonidentity
2-cell in M.

The base case is q(w) = 2. If l(w) ≤ 1 then p(w) = 0, so we must have
l(w) = 2 and p(w) = 0. This implies that w = st. By the above observation, the
only 2-cell st→ st is the identity.

Now let q(w) ≥ 3. If l(w) = 2, we must have w = ts, and again it is clear
that the only 2-cell ts → st is δ. Otherwise, l(w) ≥ 3. Let w = x1x2 . . . xl(w)
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with xi ∈ {s, t} for each i. If p(w) > 0, then there is some i such that xi = t and
xi+1 = s, so we have

w = x1 . . . ts . . . xl(w) x1 . . . st . . . xl(w) st,
x1 . . . δ . . . xl(w) !

where ! is the unique 2-cell given by induction, since q(x1 . . . st . . . xl(w)) < q(w).
Otherwise, there is some i such that xi = xi+1 and we can do something similar
with a whiskering of µxi . This shows the existence of the required cell.

Any nonidentity 2-cell α : w → st factors through some basic 2-cell β : w → w′.
We show that α does not depend on the choice of β. Let β1 : w → w1 and
β2 : w → w2 be two basic 2-cells. Being whiskerings of µs, µt or δ, β1 and β2 act
on two adjacent letters of w, say

β1 = x1 . . . xi1−1γ1xi1+2 . . . xl(w) and β2 = x1 . . . xi2−1γ2xi2+2 . . . xl(w)

where γ1, γ2 ∈ {µs, µt, δ}. If i1 = i2 then β1 = β2, because the domains of µs, µt
and δ are different. If |i1− i2| ≥ 2, then β1 and β2 affect disjoint sets of letters. In
particular, there is a whiskering β′

1 : w1 → w3 of γ1 and a whiskering β′
2 : w2 → w3

of γ2 with the same codomain. Then

w w1

w2 w3

st,

β1

β2 β′
2 !

β′
1

!
!

(∗)

commutes by strong induction, so β1 and β2 result in the same 2-cell α.
Otherwise, i2 = i1+1 without loss of generality. A simple case analysis shows

that (γ1, γ2) ∈ {(µs, µs), (µt, µt), (µt, δ), (δ, µs)}. In each case, the relations the
generating 2-cells satisfy allow us to draw a diagram similar to the one above,
which again commutes by strong induction.

Theorem 5.3.4. Let s and t be monads on the object x ∈ K. There is a one-to-
one correspondence between

(i) weak distributive laws δ : ts→ st such that (5.4) splits;

(ii) retracts s̃t st
ι

π
with a monad structure (s̃t, µ̃, η̃) satisfying the condi-

tions of Theorem 5.3.2(ii) and such that the following commute:

t

s̃t st,

τ ηst

ι

(c)

s̃ts sts ss̃t
2

ss̃t s2t

s̃t
2

s̃t st.

ιs

s̃tσ

sτσ sµ̃ sι

µst

µ̃ ι

(d)
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Proof. First, we show that the data of (i) give rise to those of (ii). Any weak
distributive law is in particular a π-weak distributive law. By Theorem 5.3.2, we
need only check that the two new diagrams commute.

We have

t t2 t2 t

st tst st2 st,

ηtt

ηst tηst

µt

ηst2 ηst

ηtst

ι · π

δt sµt

(t.l)

(∗) (δ.ηs) (∗)

(ι · π)

so that ι · τ = ι · π · ηst = ηst, giving (c).

For the other diagram, first note that

stst s2t2 st

tst2st tstst ts2t2 tst

st2st2 st2

stst s2t2 st,

sδt

ηtstst

(ι · π)(ι · π)

ηtstηtst

µsµt

ηtst

ι · π
tsµtst

δtδt
tsδt tµsµt

δt

(coh)

sµtsµt sµt

sδt µsµt

(t.r) (∗)

(ι · π) (ι · π)

and hence the outside face of

stst s2t2 st

s̃t
2

s̃t

stst s2t2 st

sδt

ππ

µsµt

π

µ̃
ιι ι

sδt µsµt

(5.9)

commutes. Since ππ is (split) epic, the bottom pentagon also commutes, giving

ι · µ̃ = µsµt · sδt · ιι. (5.16)

Then one sees that (d) commutes by precomposing the following diagram with
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the 2-cell ιs:

sts sts s2t

sts st2s st2s

sts stst stst s2t2 st

s̃t
2

s̃t
2

s̃t.

(ι · π)s sδ

µst
stηts

sµts

(ι · π)ts

sµts

stδ
stsηt

πσ

ιι · ππ

ππ

sδt µsµt

ιι

µ̃

ι

(coh)

(t.r)

(5.6)

(5.11)

(σ) (∗) (5.16)

Next, we show how the data of (ii) give rise to that of (i). Again, by Theo-
rem 5.3.2 we get a π-weak distributive law

δ := ts s̃ts̃t s̃t st.τσ µ̃ ι (δ)

The axiom (δ.ηs) follows from

ts s̃t
2

t

st s̃t s̃t st

τσ

δ µ̃

tηs

τ η̃

τ

ηst

π ι

(5.13) (s̃t.r)

(σ.η)

(c)

together with (5.5). Finally, the axiom (δ.µs) follows from

ts2 s̃t
2
s s̃ts sts s2t

s̃t
3

s̃t
2

s̃t
2

s̃t ss̃t

ts st s2t.

τσs

δs

tµs

µ̃s

s̃t
2
σ

ιs

s̃tσ

sδ

sπ
µ̃s̃t

s̃tµ̃ µ̃

µ̃
ι sι

τσ

δ µst

(δ)

(σ.µ)

(∗)

(d)(s̃t.a)

(δ)

These two processes are inverse to each other by Theorem 5.3.2.
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5.4 Pushforwards and weak distributive laws

In this last section we use our characterisations of π-weak distributive laws to
relate them to pushforwards of lifted monads much like we did for distributive
laws in Section 5.1. We use the same notation as there, i.e. g : x → y is a 1-cell
with codensity monad g♯1 and counit ϵx and (g, θ) : (x, s) → (y, s) is a lax monad
functor. We abbreviate g♯1 to t for convenience.

The next proposition is the analogue of Proposition 5.1.2 for π-weak distribu-
tive laws.

Proposition 5.4.1. Let δ : ts → st be a π-weak distributive law such that (5.4)
splits through π : st → s̃t and ι : s̃t → st, giving s̃t a monad structure. If (5.1)
commutes, then the unique 2-cell ξ : s̃t→ g♯s such that

ϵs · ξg = θ · sϵx · ιg (ξ)

is a monad map.
Moreover, if θ and ϵx are invertible, and (ι·π)g is the identity on stg, then (5.1)

commutes.

Proof. We will repeatedly use the fact that

θ · sϵx · (ι · π)g = θ · sϵx, (5.17)

as shown by

stg tstg st2g stg

sg tsg stg sg

gs tgs gs.

ηtstg

(ι · π)g

sϵx

δtg

tsϵx

sµtg

stϵx sϵx

θ

δg

tgs

sϵx

θ
ηtgs ϵxs

(∗)

(ι · π)

(∗) (ϵx.µ)

(5.1)

(ϵx.η)

By Theorem 4.1.5, it suffices to show that (g, θ ·sϵx ·ιg) is a lax transformation
of monads. Indeed, it is compatible with the unit because

g stg sg gs

s̃tg stg sg

ηsηtg

η̃

sϵx

πg

θ

ιg sϵx

θ(η̃) (5.17)
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commutes. It is compatible with the multiplication by

s̃ts̃tg s̃tstg s̃tsg s̃tgs

ststg stsg stgs

s2t2g s2tg s2g sgs

stg sg gs gs2

s̃tg stg sg.

s̃tιg

ιιg

µ̃g

s̃tsϵx s̃tθ

ιgs

stsϵx

sδtg

stθ

sδg sϵxs

s2tϵx

µsµtg

s2ϵx sθ

µsg
θs

sϵx

πg
θ gµs

ιg sϵx

θ

(∗)

(µ̃)

(∗) (5.1)

(ϵx.µ) (θ.µ)

(5.17)

For the last statement, we use the same argument as for the last part of
Proposition 5.1.2. The face labelled (δ.ηg♯n) there commutes in this case because

δg · ηtsg = (ι · π · δ · ηts)g by (5.5)
= (ι · π · sηt)g by (5.6)
= sηtg,

since we assumed that (ι · π)g = stg.

Proposition 5.4.2. Let ι : s̃t→ st be a retract, with retraction π : st→ s̃t, such
that

stg stg

sg gs sg

(ι · π)g

sϵx sϵx

θ θ

(5.18)

commutes. Let ξ : s̃t → g♯s be as in the previous proposition. If ξ is monic,
the monad structure of g♯s restricts along it and Theorem 5.3.2(ii)(b) commutes,
then the restricted monad structure on s̃t is the weak composite given by a π-weak
distributive law of g♯1 over s satisfying (5.1).

Proof. We check the conditions of Theorem 5.3.2(ii). We already have that (b)
commutes by assumption.

Let ν, ϕ and ψ be as in Section 5.1 and τ and ψ be as in Section 5.3. We
show that ξ · π = ν, ξ · τ = ϕ and ξ · σ = ψ. Since ξ is monic, this makes τ and
σ monad maps by Lemma 5.1.3.

Since ϵs is the counit of a right extension, the first equation follows from

ϵs · (ξ · π)g (ξ)= θ · sϵx · ιg · πg (5.18)= θ · sϵx (ν)= ϵs · νg.
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Then

ξ · τ (τ)= ξ · π · ηst = ν · ηst and ξ · σ (σ)= ξ · π · sηt = ν · sηt,

and we have

ϵs · (ν · ηst)g (ν)= θ · sϵx · ηstg (∗)= θ · ηsg · ϵx (θ.η)= gηs · ϵx (ϕ)= ϵs · ϕg,

ϵs · (ν · sηt)g (ν)= θ · sϵx · sηtg (ϵx.η)= θ
(ψ)= ϵs · ψg,

giving the other two.
The outside face of

st s̃t
2 (g♯s)2

s̃t g♯s

στ

π

ξξ

µ̃ µg♯s

ξ

(ξ.µ)

commutes by our equations and Lemma 5.1.1. Since ξ is monic, this implies that
the left triangle, i.e. Theorem 5.3.2(ii)(a), commutes.

Lastly, (5.1) commutes by

tsg s̃t
2
g s̃tg stg

tsg (g♯s)2g (g♯s)g

tgs (g♯s)gs

gs gs2 gs sg

τσg µ̃g

ξξg

ιg

ξg

sϵx

ϕψg

tθ

µg♯sg

(g♯s)ϵs

ϵs
ϕgs

ϵxs ϵss

gηss gµs θ

(ξ.µ)

(ξ)(ψ)

(ϕ)

(ϵs.µ)

(s.l)

where the top composite is how δg is defined in Theorem 5.3.2, and the unlabelled
face commutes by our earlier equations.

To give an analogue of Theorem 5.1.5 for π-weak distributive laws we need
the notion of a weak right extension. The word ‘weak’ here is taken in the sense
of ‘weak terminal object’, which is an object of a category that admits a (not
necessarily unique) morphism from any other object.

Definition 5.4.3. Let g : x → y and f : x → z be 1-cells in K. A weak right
extension of f along g is a weak terminal object of g◦↓f . Explicitly, it is pair
(h, ϵ) where h : y → z is a 1-cell and ϵ : hg → f is a 2-cell such that for any other
such pair (k, α) there exists some 2-cell α̂ : k → h such that ϵ · α̂g = α.
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A 1-cell l : z → w weakly preserves (h, ϵ) if (lh, lϵ) is in turn a weak exten-
sion of lf along g.

Of course, every right extension is a weak right extension. Just as weak
terminal objects are not unique (e.g. any nonempty set is a weak terminal object
of Set), neither are weak extensions. If a category C has a terminal object 1,
then x ∈ C is a weak terminal object iff the unique morphism x → 1 is a split
epimorphism. Indeed, any morphism 1 → x is a section.

Theorem 5.4.4. Let g : x → y be a 1-cell in K, whose codensity monad t exists
and has counit ϵx : tg → g, and s be a monad on y whose 1-cell part weakly
preserves rang g. The data of

(i) a strong monad functor (g, θ) : (x, s) → (y, s) such that g♯s exists and has
counit ϵs;

(ii) a 2-cell ι : g♯s→ st which is a section in g◦↓gs of the (necessarily split epic)
unique morphism π : (st, θ · sϵx) → (g♯s, ϵs), such that

(g♯s)t st2

(g♯s)2 g♯s st

ιt

(g♯s)(g♯ηs)

µg♯s ι

sµt (5.19)

commutes;

induce a π-weak distributive law δ of t over s satisfying (5.1) such that the resulting
weak composite monad is g♯s.

Moreover, if ϵx is invertible and (ι · π)g is the identity, the induced π-weak
distributive law is the unique one such that the idempotent in (5.4) is ι · π.

Proof. The fact that ι · π is a morphism in g◦↓gs precisely means that (5.18)
commutes. Moreover, the monad map ξ of Proposition 5.4.2 is the identity, since

ϵs · ξg · πg (ξ)= θ · sϵx · ιg · πg = θ · sϵx = ϵs · πg

and π is (split) epic. The last equation is the fact that π is a morphism (st, θ ·
sϵx) → (g♯s, ϵs) in g◦↓gs. Proposition 5.4.2 then ensures that the monad structure
on g♯s is induced by a π-weak distributive law of t over s satisfying (5.1).

Now suppose ϵx is invertible and (ι · π)g is the identity. Let δ : ts → st
be a π-weak distributive law such that the idempotent in (5.4) is ι · π. Since
splitting of idempotents is unique up to (unique) isomorphism, we may take s̃t
in Proposition 5.4.1 to be g♯s and ξ : s̃t → g♯s to be the identity. The same
proposition ensures that this is a monad isomorphism, so that g♯s is the weak
composite induced by δ. By Theorem 5.3.2, the 2-cells ι and π and g♯s with its
pushforward monad structure uniquely determine δ.

Example 5.4.5. We will use the previous theorem in Theorem 6.1.18 to construct
a π-weak distributive law of the ultrafilter monad over the powerset monad, whose
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weak composite is the filter monad. In fact, this is the weak distributive law
constructed by Garner in [28, §5.1]. In our setting, the fact that this is weak
and not just π-weak is explained because the relevant section ι : F → PU actually
makes Theorem 5.3.4(ii)(c) and (d) commute.
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Chapter 6

Examples of pushforward monads

In this final chapter we put to use the general theory developed in Chapters 4
and 5 to compute several examples of pushforward monads in the 2-category of
categories. In fact, the patterns exhibited by these examples were the motivation
for developing much of our results so far.

In Section 6.1, we tackle our most extensive source of examples: pushing
monads forward along the inclusion J : FinSet ↪→ Set of the category of finite
sets into that of all sets. The most fundamental of these pushforwards, i.e. the
codensity monad of J , is the ultrafilter monad U, whose category of algebras is
the category of compact Hausdorff spaces and continuous maps between them.
This already exemplifies how, even though the starting data is elementary, the
resulting monads on Set can be quite interesting.

Monads on FinSet are rarer than one might expect at first. They correspond
precisely to those finitary monads on Set which preserve finiteness. In the lan-
guage of universal algebra, these are the locally finite varieties. We compute the
pushforwards and the corresponding categories of algebras of several natural such
monads (see Table 6.1). In particular, the pushforwards of the exception, reader,
state, free M -set and powerset monads arise from distributive laws (weak in the
case of the powerset monad) involving the ultrafilter monad. This provides exam-
ples for the results in Chapter 5. We also show that (with two trivial exceptions)
the pushforward of a monad along J does not have rank (Theorem 6.1.24).

Section 6.2 categorifies some of the earlier examples by considering push-
forwards along the inclusion FinFam(E) ↪→ Fam(E) of the free finite-coproduct
completion of a category E into its free coproduct completion. Leinster showed
that the codensity monad of this inclusion, when E has coproducts and cofiltered
limits, is the ultracoproduct monad1. We show that the pushforward of a par-
ticular lift of the powerset monad along the fibration FinFam(E) → FinSet gives
the reduced coproduct monad, dual to the construction of reduced products of
algebras introduced by Frayne, Morel and Scott in [27].

Section 6.3 revisits the computation of the category of algebras of the coden-
sity monad of the inclusion Field ↪→ CRing. We already saw in Example 4.3.23(i)
that this is the free product completion of Field using Diers’s theory of multi-
monadic functors. We give a detailed elementary proof of this fact, which was

1Leinster uses a dual convention, in which this is called the ultraproduct monad. What he
calls Fam(E) is our Fam(Eop).
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T FinSetT J♯T SetJ♯T Reference
1 FinSet U CHaus Theorem 6.1.5
T 1 T 1 Example 6.1.1
T0 Ω T0 Ω Example 6.1.2
D2 FinBool D2 Setop Example 6.1.3
Vk fdVectk Vectk(k−, k) Vectopk Example 6.1.4
EE E/FinSet EEU E/CHaus Example 6.1.8
MM [BM,FinSet] MMU [BM,CHaus] Example 6.1.9
RI {∅}((Set≥1)I) RIU {∅}((CHaus≥1)I) Example 6.1.10
SS FinSet SSU CHaus Example 6.1.11
P BddJoinSLat F ContLat Theorem 6.1.14

Table 6.1: Examples of pushforwards along J : FinSet ↪→ Set of several monads
T on FinSet and their categories of algebras (up to equivalence) computed in
Section 6.1.

found independently.
Finally, Section 6.4 briefly considers the situation of pushing a monad forward

along another monad. We compute the codensity monads and corresponding
categories of algebras of the exception monads −+ E on Set.

6.1 Pushforwards from FinSet to Set
In this section, we explicitly compute the pushforward along the inclusion
J : FinSet ↪→ Set of various monads on FinSet. We will also show that, with
the exception of two examples, all pushforwards along J have no rank (Theo-
rem 6.1.24).

Note that J is a fully faithful, representably small functor into a complete
category, so we are in the setting of Theorem 4.3.11. In particular, the problem
of finding monads on FinSet reduces to that of finding monads on Set that re-
strict along J , i.e. that preserve finiteness. Moreover, since J is the inclusion of
the finitely presentable objects of Set, we are in the situation of Remark 4.3.16.
Hence, we can further reduce this problem to that of finding finitary monads
on Set which preserve finiteness or, equivalently, finitary algebraic theories all
of whose finitely generated free models are finite. In the language of universal
algebra, these theories are known as the locally finite varieties and they have
been studied, among others, by McKenzie and Valeriote [52]. A characterisation
of these theories and their corresponding pushforwards would be a substantial
undertaking, well beyond the scope of this thesis. Instead, we limit ourselves to
studying several natural families of monads on FinSet and their pushforwards.

Since J is fully faithful, any monad (or even endofunctor) T on Set which
preserves finiteness has, up to isomorphism, exactly one lift along J . We will
denote it by T . Because every monad on FinSet is the lift of some such monad on
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Set, its name will almost always be written with an overline (omitted in Table 6.1
for readability).

There are at least four families of monads whose pushforward along J is easy
to identify.

Example 6.1.1. Let T be the terminal monad on Set (Example 2.4.9). Then T
is the terminal monad on FinSet. It follows from the limit preservation property
of Lemma 4.1.4 that J♯T ∼= T. The categories of algebras of T and T coincide:
they are both equivalent to the terminal category.

Example 6.1.2. Let T0 be the unique proper submonad of T (Example 2.4.10).
For any nonempty set X, the limit formula in (4.6) for J♯T(X) and that for
J♯T0(X) agree, so we have J♯T0(X) = 1. Since J is fully faithful and ∅ ∈ FinSet,
we have J♯T0(∅) = ∅. Hence, J♯T0 ∼= T0. Once again, the categories of algebras
of T0 and T0 coincide: they are both equivalent to the walking arrow category Ω.

Example 6.1.3. Let n be a finite set, and Dn be the endomorphism monad of
n on Set (Example 2.4.15). Then Dn is the codensity monad of n : 1 → FinSet
and Dn is that of Jn. Note that the right Kan extension n♯1 is pointwise, and its
computation only involves finite limits. Since J preserves finite limits, it preserves
Rann n, and by Lemma 4.1.7 we have J♯Dn = J♯(n♯1) ∼= (Jn)♯1 = Dn.

The same argument shows that, for any functor G : A → FinSet from a finite
category, and any monad T on A, we have J♯(G♯T ) = (JG)♯T . Note that G♯T
exists pointwise because FinSet has all finite limits.

Example 6.1.4. Let k be a finite field, and Vk be the free k-vector space monad
on Set, which preserves finiteness. We have a commutative diagram of functors

fdVectk Vectk

FinSet Set,

Jk

UVk UVk

J

where the vertical arrows are monadic. Hence,

J♯Vk ∼= (JUVk)♯1 ∼= (UVkJk)♯1 ∼= (UVk)♯(Jk♯1)

by Lemma 4.1.7 and Remark 4.1.8. The monad Jk♯1 was shown by Leinster [45,
Thm. 7.5] to be isomorphic to the double dualisation monad (−)∗∗ on Vectk.
Thus, the monad J♯Vk sends a set X to

UVk(FVkX)∗∗ = Vectk([kX, k], k) = Vectk(kX , k),

where kX is the X-th power of k in Vectk.
Leinster’s Theorem 7.8 shows that the category of (−)∗∗-algebras is equivalent

to Vectopk , which itself is equivalent to the category of linearly compact k-vector
spaces. In fact, the proof shows that (−)∗ : Vectopk → Vectk preserves all coequalis-
ers, and hence satisfies the hypotheses of the Crude Monadicity Theorem. The
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latter is also true of UVk because Vk is finitary. Hence,

Vectopk Vectk Set
(−)∗ UVk

is monadic, and so the category of J♯Vk-algebras is again equivalent to Vectopk .
A direct proof of this fact using Borceux’s [15, Vol. II, Thm. 4.4.5] suggested by
Richard Garner involves noting that Vectk is abelian and hence coexact, and that
k is an injective regular cogenerator.

For the remainder of our examples, computing the relevant pointwise right
Kan extension using (4.6) will be a significant part of the work needed to find
a pushforward. Given a monad T on FinSet, we will write ⟨g⟩ : J♯T (X) → JTY
for the leg of the limit cone at g : X → JY ∈ X↓J . Which monad on FinSet this
refers to will be clear from the context. We will often drop J from our notation,
since it is simply a witness that Y is finite. The cone condition amounts to the
fact that, if f : Y → Y ′ is a function between finite sets, then

⟨fg⟩ = Tf · ⟨g⟩, (6.1)

where we have already started to drop J . As demonstrated by this equation, we
write fg or f · g for the composite of two functions f and g, reserving the latter
notation for those cases where ambiguity might arise.

Since the ultrafilter monad will play a crucial rule in the computation of the
remaining pushforwards, we provide a proof of its identification with J♯1. The
reader may recall the necessary background on ultrafilters from Definition 2.4.18.
Given a subset A ⊆ X, we write [A] : X → 2 for the characteristic function of A,
where 2 = {0, 1}.

Theorem 6.1.5 (Kennison and Gildenhuys). The codensity monad of
J : FinSet ↪→ Set is the ultrafilter monad U.

Proof. Since every ultrafilter on a finite set is principal, U = J ♯U is isomorphic
to the identity. In particular, we have a map of monads ϕ : U → J♯1, which is
the component at U of the unit of the adjunction in Theorem 4.3.11. Given an
ultrafilter U on a set X and a function g : X → Y into a finite set, ⟨g⟩ϕX(U) is the
unique y ∈ Y at which Ug(U) is principal, i.e. the unique y such that g−1{y} ∈ U .
We show that ϕ is invertible, and hence an isomorphism of monads.

Given t ∈ J♯1(X), note that the following are equivalent for A ⊆ X:

(i) ⟨g⟩(t) = y for all g : X → Y ∈ X↓J and y ∈ Y such that g−1{y} = A;

(ii) ⟨g⟩(t) = y for some g : X → Y ∈ X↓J and y ∈ Y such that g−1{y} = A;

(iii) ⟨[A]⟩(t) = 1.

This is because if g : X → Y ∈ X↓J and y ∈ Y is such that g−1{y} = A, then
[A] = [{y}]g. By (6.1), we have ⟨[A]⟩ = [{y}]⟨g⟩ and so

⟨[A]⟩(t) = 1 ⇐⇒ ⟨g⟩(t) = y.
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The equivalence between the three conditions then follows from the fact that the
left-hand side does not depend on g or y.

The component of the inverse of ϕ at X sends t ∈ J♯1(X) to the collection
Ut of A ⊆ X such that these equivalent conditions hold. We check that Ut is an
ultrafilter.

First, taking g in (ii) to be ! : X → 1 shows that X ∈ Ut. Given A,B ⊆ X,
consider the function ([A], [B]) : X → 22 and note that the preimage of (1, 1) is
exactly A ∩B. Then

A ∩B ∈ Ut ⇐⇒ ⟨([A], [B])⟩(t) = (1, 1) by (i) and (ii)
⇐⇒ ⟨[A]⟩(t) = 1 and ⟨[B]⟩(t) = 1 by (6.1)
⇐⇒ A ∈ Ut and B ∈ Ut by (iii).

Lastly, note that [X \ A] = ¬[A], where ¬ : 2 → 2 is logical negation. Hence,
either ⟨[A]⟩(t) = 1 or ⟨[X \ A]⟩(t) = 1 but not both, giving the last ultrafilter
axiom.

It remains to show that this indeed provides an inverse to ϕX . If U is an
ultrafilter on X and A ⊆ X, then

A ∈ UϕX(U) ⇐⇒ ⟨[A]⟩(ϕX(U)) = 1 ⇐⇒ [A]−1{1} = A ∈ U .

Conversely, if t ∈ J♯1(X), g : X → Y ∈ X↓J and y ∈ Y , then

⟨g⟩(ϕX(Ut)) = y ⇐⇒ g−1{y} ∈ Ut ⇐⇒ ⟨g⟩(t) = y.

Implicit in the previous proof is the idea, extensively used by Leinster in [45],
that the value at X of J♯1 is the set of natural integration operators for finite-
valued functions on X. This means that t ∈ J♯1(X) gives a way of assigning,
to each g : X → Y with Y finite, an integral

∫
g dt ∈ Y with respect to t,

which is ⟨g⟩(t) in our notation. Condition (iii) in the proof then shows that
such an integration operator is determined by a 2-valued measure on X, where
the measure of A ⊆ X is

∫
[A] dt = ⟨[A]⟩(t) ∈ 2. The measures obtained in this

way are exactly the finitely additive ones (see Leinster’s Lemma 3.1).
Recall from Example 2.4.21 that the category of U-algebras is CHaus equipped

with the underlying set functor. Using the notation of Section 5.1, if T is a
monad on Set which preserves finiteness, we have monad maps ϕ : U → J♯T and
ψ : T → J♯T . In terms of categories of algebras, this translates to a commutative
square of algebraic functors

SetJ♯T SetT

CHaus Set.

Uψ

Uϕ UT

UU

(6.2)

By Theorem 2.4.5, Uϕ and Uψ are monadic. Hence, regardless of whether there
is some kind of distributive law of U over T , there is a monad on CHaus that T
induces whose category of algebras is SetJ♯T .
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Of course, this phenomenon is quite specific to Set. In general, the presence
of such a distributive law helps to understand the category of algebras of J♯T .
We now give examples of monads for which such distributive laws are available.

6.1.1 Distributive laws under the ultrafilter monad
First we tackle those monads T on Set which preserve RanJ J as well as finiteness.
Theorem 5.1.5 guarantees the existence of a unique distributive law of U over T ,
whose induced composite monad is J♯T .

Corollary 6.1.6. Let T be a monad on Set which preserves finiteness and cofil-
tered limits. There exists a unique distributive law of U over T . Moreover, the
composite monad it induces is J♯T .

Proof. We check the hypotheses of Theorem 5.1.5. Since FinSet has finite limits,
the category X↓J is cofiltered for any set S, and hence the limit in (4.6) used to
compute J♯1(X) is cofiltered. By assumption, T preserves this limit, and hence
RanJ J . Since T also preserves finiteness, we have a lift T of T to FinSet. Finally,
the counit of RanJ J is invertible by Lemma 2.2.7.

The following standard result gives many examples of monads to which we
can apply this corollary.

Lemma 6.1.7. Any polynomial endofunctor of Set, i.e. one that can be written
as ∑

a∈A
(−)Ba

for some sets A and (Ba)a∈A, preserves connected limits, and hence cofiltered
limits.

Proof. It suffices to show that (−)B : Set → Set and ∑ : SetA → Set preserve
connected limits for any sets A and B. The first is obvious, because (−)B is a
right adjoint. The second is the well-known fact that, in Set, coproducts commute
with connected limits.

Example 6.1.8. Let E be a finite set and consider the exception monad EE =
− + E (Example 2.4.12). It preserves cofiltered limits by the previous lemma,
since − + E ∼= − + ∑

e∈E(−)∅. Hence, by Corollary 6.1.6, there is a unique
distributive law δ : UEE → EEU and J♯EE ∼= EE ◦δ U.

Given U ∈ U(X +E), either X ∈ U or E ∈ U but not both. In the first case,
{A ∩X | A ∈ U} is an ultrafilter on X, which is the value of δX(U). Otherwise,
{A ∩ E | A ∈ U} is an ultrafilter on E, which must be principal at some e ∈ E,
and then δX(U) = e.

In fact, Manes and Mulry [51, Ex. 2.4.6] showed that there is a canonical
distributive law of EE over any monad T given by the map

λX : TX + E → T (X + E)
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which is Tι1 in the first component and Tι2 · ηTE in the second. This gives an
inverse to δ, so that EEU ∼= UEE. This is part of the well-known fact that U
preserves finite coproducts.

The corresponding unique lift of EE to CHaus is unsurprising. The finite set
E admits a unique compact Hausdorff topology, i.e. the discrete topology. Since
CHaus has coproducts, the lift is simply given by the corresponding exception
monad −+E on CHaus. Its category of algebras, which necessarily coincides with
that of J♯EE, is that of E-pointed compact Hausdorff spaces, which is equivalent
to E/CHaus.

Example 6.1.9. Let M be a finite monoid and consider the free M -set monad
MM = M × − (Example 2.4.16). Lemma 6.1.7 implies that MM preserves cofil-
tered limits. Hence, there is a unique distributive law δ : UMM → MMU and
J♯MM

∼= MM ◦δ U.
Given U ∈ U(M ×X), we must have {m} ×X ∈ U for exactly one m ∈ M .

Then δX(U) = (m,π2{A ∩ ({m} × X) | A ∈ U}). As before, since U preserves
finite coproducts, δ is invertible, and so δ−1 is also a distributive law.

The corresponding unique lift of MM to CHaus is again unsurprising. The
finite monoid M becomes a monoid in CHaus with the discrete topology, and the
corresponding monad is that of actions of that monoid. Its category of algebras
is isomorphic to the functor category [BM,CHaus].

Example 6.1.10. Let I be a finite set and consider the reader monad RI =
(−)I (Example 2.4.13). Once again, this monad preserves cofiltered limits by
Lemma 6.1.7. Hence, there is a unique distributive law δ : URI → RIU and
J♯RI ∼= RI ◦δ U.

Given U ∈ U(XI) and i ∈ I, we obtain an ultrafilter Uπi(U) on X. This
is the i-th component of δX(U). Unlike in the previous two examples, δ is not
invertible unless I ∈ {∅, 1}. For I = 2, this follows from the fact that U is not
commutative.

Note that RI is the I-th power in MndSet of the identity monad, and similarly
for RI in MndFinSet. By Lemma 4.1.4, since J and hence J◦ : [FinSet,FinSet] →
[FinSet, Set] preserve finite limits, J♯RI is the I-th power of U.

The finite set I with the discrete topology is an exponentiable object of CHaus
simply because

CHaus(X × I, Y ) ∼= CHaus(X,Y )I ∼= CHaus(X,Y I).

The lift of RI to CHaus is then the corresponding reader monad on CHaus, i.e.
the I-th power of the identity monad on CHaus. The same argument that Faro
and Kelly give in [26, Prop. 11] applies in this case (even though their argument
is given over Set, it works just as well over CHaus because the result of Barr
they cite also holds there). Hence, the category of J♯RI algebras is the result of
freely adjoining an initial object to (CHaus≥1)I , the I-th power of the category of
nonempty compact Hausdorff spaces.

Example 6.1.11. Let S be a finite set and consider the state monad SS =
(S ×−)S (Example 2.4.14). It preserves cofiltered limits by Lemma 6.1.7. Thus,
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there is a unique distributive law δ : USS → SSU and J♯SS ∼= SS ◦δU. The formula
for this distributive law is built from that in the previous two examples.

The lift of SS to CHaus is the corresponding state monad on CHaus,
which exists because S is exponentiable. The composite of the right adjoints
(−)S : CHaus → CHaus and UU : CHaus → Set is exactly the S-th power of UU,
and it induces the monad J♯SS. Proposition 2.4.6 implies that (UU)S is monadic,
so that the category of algebras of J♯SS is equivalent to CHaus.

We now turn our attention to the powerset monad P (Example 2.4.17), which
clearly preserves finiteness. The functor P does not preserve RanJ J , but it does
so weakly in the sense of Definition 5.4.3. First, we show that J♯P is isomorphic
to the filter monad F of Example 2.4.20. The proof mimics that of Theorem 6.1.5.

Lemma 6.1.12. The restriction of the filter monad F along J is P.

Proof. For a setX, let σX : PX → FX be the map sending A ⊆ X to the principal
filter ↑A. It is natural in X because Ff(↑A) = ↑f(A) for any function f : X → Y .
In fact, it is a monad map. That it is compatible with the unit is immediate from
the definition. For the multiplication, if A ∈ P2X then

(σσ)X(A) = ↑{↑A | A ∈ A}

and

B ∈ (µF · σσ)X(A) ⇐⇒ B♯ ∈ (σσ)X(A)
⇐⇒ B♯ ⊇ {↑A | A ∈ A}
⇐⇒ ∀A ∈ A, B ∈ ↑A
⇐⇒ ∀A ∈ A, B ⊇ A

⇐⇒ B ⊇
⋃

A = µP(A).

Recall that if F is a filter on a finite set Y , then ⋂F = ⋂
A∈F A is a finite

intersection of elements of F . This gives a least element of F , at which F is
principal. This shows that σJ is an isomorphism, so that F and P have the same
restriction along J .

This lemma ensures that we have a monad map ψ : F → J♯P, the component
at F of the unit of the adjunction in Theorem 4.3.11. We will use the next result
to show that ψ is invertible.

Lemma 6.1.13. Let X be a set and t ∈ J♯P(X). The following are equivalent
for A ⊆ X:

(i) ⟨g⟩(t) ⊆ B for all g : X → Y ∈ X↓J and B ⊆ Y such that g−1B = A;

(ii) ⟨g⟩(t) ⊆ B for some g : X → Y ∈ X↓J and B ⊆ Y such that g−1B = A;

(iii) ⟨[A]⟩(t) ⊆ {1}.
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Proof. If g : X → Y ∈ X↓J and B ⊆ Y is such that g−1B = A, then [A] = [B]g.
By (6.1), we have ⟨[A]⟩ = P[B] · ⟨g⟩ and so

⟨[A]⟩(t) ⊆ {1} ⇐⇒ ⟨g⟩(t) ⊆ B.

The equivalence between the three conditions then follows from the fact that the
left-hand side does not depend on g or B.

Theorem 6.1.14. The pushforward J♯P is isomorphic to the filter monad F.

Proof. Given a set X, a filter F on X, and g : X → Y ∈ X↓J , we get a filter
Ff(F) on Y , which is principal at ⋂Ff(F). The monad map ψ : F → J♯P is then
determined by

⟨g⟩ψX(F) =
⋂

Ff(F). (6.3)
We now construct an inverse to ψX .

Given t ∈ J♯P, we get a filter Ft on X by declaring that A ∈ Ft iff it satisfies
any of the equivalent conditions of Lemma 6.1.13. Certainly, X ∈ Ft by taking
g in condition (ii) to be ! : X → 1. Given A,B ⊆ X, consider the function
([A], [B]) : X → 22 and note that the preimage of (1, 1) is exactly A ∩B. Then

A ∩B ∈ Ft ⇐⇒ ⟨([A], [B])⟩(t) ⊆ {(1, 1)} by (i) and (ii)
⇐⇒ ⟨[A]⟩(t) ⊆ {1} and ⟨[B]⟩(t) ⊆ {1} by (6.1)
⇐⇒ A ∈ Ft and B ∈ Ft by (iii).

Hence, Ft is a filter on X.
Lastly, we check that this provides an inverse to ψX . Given t ∈ J♯P, for

g : X → Y ∈ X↓J , recall that ⟨g⟩ψX(Ft) is the smallest B ⊆ Y such that
g−1B ∈ Ft. But we have

g−1B ∈ Ft ⇐⇒ ⟨g⟩(t) ⊆ B,

the forward implication coming from Lemma 6.1.13 condition (i), and the back-
wards one from condition (ii). Therefore, ⟨g⟩ψX(Ft) = ⟨g⟩(t), as needed. In the
other direction, for F ∈ FX and A ⊆ X we have

A ∈ FψX(F) ⇐⇒ ⟨[A]⟩ψX(F) ⊆ {1} by (iii)
⇐⇒

⋂
F[A](F) ⊆ {1} by (6.3)

⇐⇒ {1} ∈ F[A](F)
⇐⇒ [A]−1{1} = A ∈ F by (2.11).

Remark 6.1.15. It follows from the isomorphism in the previous theorem that
a collection F of subsets of X is a filter iff it induces a natural nondeterministic
integration operator for finite valued functions on X. Given a function g : X → Y
into a finite set, its nondeterministic integral with respect to F is

∫
g dF =

⟨g⟩ψX(F) ⊆ Y .

Using Theorem 5.4.4, we can show that F ∼= J♯P is in fact the weak composite
induced by a π-weak distributive law of U over P. This π-weak distributive law
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is not new; it is the weak distributive law constructed by Garner [28, §5.1] using
the theory of extensions of endofunctors and natural transformations from Set to
Rel, which is the Kleisli category of P. In our context, it arises not mainly due to
properties of P and its Kleisli category, but due to U being the codensity monad
of J .

Proposition 6.1.16. The endofunctor P weakly preserves RanJ J .

Proof. As discussed after Definition 5.4.3, it suffices to show that the comparison
natural transformation π : P ◦ RanJ J → RanJ PJ has a section ι such that PϵJ ·
ιJ = ϵPJ , where ϵJ and ϵPJ are the counits of RanJ J and RanJ PJ , respectively.
Translating this along the isomorphisms of Theorems 6.1.5 and 6.1.14, π becomes
the natural transformation PU → F which sends a set of ultrafilters to their
intersection. The counits ϵJ : UJ → J and ϵPJ : FJ → PJ send an (ultra)filter on
a finite set to the element/subset it is principal at.

Let
ιX(F) = {U ∈ UX | F ⊆ U} (6.4)

for a set X and F ∈ FX. This gives a well-known section to πX . Of course,
(π · ι)X(F) = ⋂

ιX(F) ⊇ F . If F = PX, then the reverse inclusion is trivial.
Otherwise, there is some A ⊆ X not in F , and so ↓A is an ideal disjoint from F .
By the Ultrafilter Lemma, there is an ultrafilter U on X containing F disjoint
from ↓A, and hence not containing A. This proves ⋂ ιX(F) ⊆ F .

The section ιX is natural in X. Indeed, if f : X → Y is a function, F ∈ FX
and U ∈ UY , then

U ∈ (ιY · Ff)(F) ⇐⇒ ∀B ⊆ Y, (f−1B ∈ F =⇒ B ∈ U),

and
U ∈ (PUf · ιX)(F) ⇐⇒ ∃V ∈ UX, F ⊆ V and U = Uf(V).

The second line certainly implies the first one. If F = PX then the equivalence
is clear, since no U satisfies either line. Now assume F is a proper filter. For U
satisfying the first line, let

I = {A ⊆ X | ∃B ⊆ Y, B /∈ U and A ⊆ f−1B}.

We claim that I is an ideal. It is certainly downwards closed and contains ∅. If
A1 ⊆ f−1B1 and A2 ⊆ f−1B2 for some B1, B2 /∈ U , then B1 ∪ B2 /∈ U since the
complement of an ultrafilter is an ideal, and A1 ∪A2 ⊆ f−1(B1 ∪B2). Moreover,
I is disjoint from F , for if A ⊆ f−1B with B /∈ U , then f−1B /∈ F by our
assumption on U , and thus A /∈ F . By the Ultrafilter Lemma, there is V ∈ UX
containing F and disjoint from I. This disjointness means that Uf(V) contains
no B /∈ U , and so Uf(V) ⊆ U . Since ultrafilters are maximal with respect to
inclusion, we must have Uf(V) = U . Hence U satisfies the second line above,
concluding the proof of the naturality of ι.

It remains to check that ι is compatible with ϵJ and ϵPJ . If X is finite, then
F = ↑A for some A ⊆ X and ϵPJX (F) = A. Similarly, ιJX(F) = {↑{a} | a ∈ A}
which is sent by PϵJ to A, as needed.
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The remaining ingredient which will allow us to apply Theorem 5.4.4 is the
compatibility condition of the section ι with µU. Following the notation there,
we let τ : U → F be the obvious inclusion.

Lemma 6.1.17. The section ι : F → PU of the previous proposition satisfies the
condition of Theorem 5.4.4(ii), i.e. the following diagram commutes

FU PU2

F2 F PU.

ιU

Fτ PµU

µF ι

Proof. Let X be a set and F ∈ FUX. If F = PUX then both composites map it
to ∅, so we assume F is proper. The top composite sends F to

A =
{
{A ⊆ X | A♯ ∩ UX ∈ U}

∣∣∣ U ∈ U2X such that F ⊆ U
}
,

while the bottom composite produces

B = {U ∈ UX | ∀A ⊆ X, A♯ ∩ UX ∈ F =⇒ A ∈ U}.

That A ⊆ B is immediate from their definition.
For the other direction, let U ∈ B and define

I = {B ⊆ UX | ∃A ⊆ X, A /∈ U and B ⊆ A♯ ∩ UX}.

This is an ideal on UX. Indeed, it is downwards closed and contains ∅. If
B1 ⊆ A♯1 ∩ UX and B2 ⊆ A♯2 ∩ UX with A1, A2 /∈ U , then A1 ∪ A2 /∈ U since the
complement of an ultrafilter is an ideal. Moreover,

B1 ∪B2 ⊆ (A♯1 ∪ A
♯
2) ∩ UX ⊆ (A1 ∪ A2)♯ ∩ UX,

so B1 ∪B2 ∈ I.
Note that F and I are disjoint, since A /∈ U implies that A♯∩UX /∈ F because

U ∈ B. Thus, by the Ultrafilter Lemma, there exists U ∈ U2X containing F and
disjoint from I. This disjointness means that if A /∈ U then A♯ ∩ UX /∈ U, so
µU
X(U) ⊆ U . Equality then follows from maximality.

Theorem 6.1.18. The filter monad F ∼= J♯P is the weak composite of a π-weak
distributive law δ : UP → PU given by

δX(U) =
{
U ∈ UX

∣∣∣ ∀A ∈ U,
⋃

A ∈ U
}

for a set X and U ∈ UPX.

Proof. As promised in Example 5.4.5, this is a direct application of Theorem 5.4.4,
using Proposition 6.1.16 and the previous lemma. The formula for δ is obtained
as the composite

UP F2 F PU,τσ µF
ι
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where we have used the notation of Section 5.4. Explicitly, ι is as in (6.4), τ is
the inclusion and σ is as in Lemma 6.1.12, i.e. it sends a subset to the principal
filter at it.

One readily checks that δ in the previous theorem agrees with the weak dis-
tributive law of Garner [28, §5.1]. As explained there, it induces a weak lift of P
to CHaus, which is given by the Vietoris monad. This monad sends a compact
Hausdorff space X to the set of all its closed subsets, equipped with a suitable
compact Hausdorff topology. Its category of algebras necessarily coincides with
that of the filter monad, which is the category of continuous lattices, as we saw
in Example 2.4.20. The facts that a continuous lattice is a special kind of com-
plete lattice, and that it has a canonical compact Hausdorff topology are then
automatic from the pushforward construction, by taking T = P in (6.2).

We conclude this section with the negative result promised after Proposi-
tion 5.1.8. Recall that Pf denotes the finite powerset monad (Example 2.4.17).

Proposition 6.1.19. There is no distributive law δ : UPf → PfU.

Proof. Note that the restriction of Pf along J is just P. Let ν : PfU → F be the
natural transformation of Lemma 5.1.1. It sends a finite set of ultrafilters to their
intersection. We show that ν is monic.

Let A,B ∈ PfUX for a set X, and suppose U ∈ A \ B. For each V ∈ B,
there is some AV ∈ V \ U . Since B is finite and the complement of U is an ideal,
A = ⋃

V∈BAV is not in U but it is in every V ∈ B. Thus, A ∈ ν(B) but not in
ν(A).

By Proposition 5.1.8, it suffices to show that the monad structure of F does
not restrict along ν. It is easy to see that the unit does restrict. However, we
show that µF · νν does not factor through ν.

The image of ν consists exactly of those filters which are the intersection
of a (uniquely determined) finite collection of ultrafilters. Indeed, if F is the
intersection of both A ∈ PfUX and B ∈ PUX, then it is also the intersection of
any finite subcollection of A ∪B containing A. Since ν is monic, A must be the
only such subcollection, so A = B.

Let X be an infinite set. We construct U ∈ UPfUX such that (µF · νν)X({U})
is contained in infinitely may ultrafilters, and hence not in the image of ν. Let F
be the filter on PfUX generated by the sets

Â = {A ∈ PfUX | ∃U ∈ A, A ∈ U}

for each nonempty A ⊆ X. This is a proper filter, because for any nonempty
A1, . . . , An ⊆ X, each Ai is certainly contained in some Ui ∈ UX and then
{U1, . . . ,Un} ∈ Â1 ∩ · · · ∩ Ân. By the Ultrafilter Lemma, there is some ultrafilter
U containing F.

We claim that (µF · νν)X({U}) = {A ⊆ X | ν−1
X (A♯) ∈ U} is the trivial filter,

which is of course contained in infinitely many ultrafilters. Note that

ν−1
X (A♯) = {A ∈ PfUX | ∀U ∈ A, A ∈ U} =

(
ÂC
)C
.
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If A ⊊ X, then AC ̸= ∅ and ÂC ∈ U by construction. It follows that ν−1
X (A♯) /∈ U,

and hence A /∈ (µF · νν)X({U}).

The fact that there is no such distributive law means, among other things,
that it is impossible to lift the finite powerset monad Pf along the underlying set
functor CHaus → Set.

There are analogous results if we take, instead of P and Pf , their respective
submonads P+ and Pf

+ which exclude the empty subset. They both restrict to
P+, and J♯P+ is isomorphic to the proper filter monad F+. The proofs go through
almost unchanged, giving:

Theorem 6.1.20. The proper filter monad F+ ∼= J♯P+ is the weak composite of
a π-weak distributive law δ : UP+ → P+U.

Proposition 6.1.21. There is no distributive law δ : UPf
+ → Pf

+U.

6.1.2 The rank of pushforwards
It is common for codensity monads to not be finitary. For example, Di Liberti
shows in [20, Thm. 4.4] that if A is a locally finitely presentable category, and
the codensity monad T of the inclusion Afp ↪→ A is finitary, then T must be
the identity. In this last subsection we show that, at least when taken along
J : FinSet ↪→ Set, pushforward monads have a similar tendency. In fact, except
for those of the monads in Examples 6.1.1 and 6.1.2, i.e. the two inconsistent
monads, pushforwards along J never have rank.

This will be an easy consequence of the fact that, for any regular cardinal κ,
any subfunctor of a κ-accessible endofunctor of Set is κ-accessible. This can be
proved from the fact that Set is strictly locally finitely presentable in the sense
of Adámek, Milius, Sousa and Wißmann [2, Def. 3.9], and that, between such
categories, κ-accessible functors coincide with κ-bounded ones (Theorem 4.11 in
their article). However, we give an elementary direct proof here.

Proposition 6.1.22. Let κ be a regular cardinal, and T : Set → Set be a κ-
accessible functor. Any subfunctor of T is κ-accessible.

Proof. We will use the fact that a functor out of Set is κ-accessible iff, for all sets
X, it preserves the colimit of the canonical diagram DX : Subκ(X) → Set, where
Subκ(X) is the poset of subobjects of X of cardinality less than κ. A proof of this
(in the finitary case) can be found in [2, Cor. 2.7]. Recall that a colimit cocone
for DX is (i : Y ↪→ X)i∈Subκ(X).

Let m : S → T be a monic natural transformation, and consider the commu-
tative square

colimSDX SX

colimTDX TX.

colimmDx
mX

∼=

The injectivity of the function on the left follows the construction of κ-filtered
colimits in Set, and the fact that mDX is pointwise injective. Hence, the map on
the top is injective, so it suffices to show that it is surjective.
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This is trivial if X = ∅, so we assume otherwise. Let s ∈ SX. Then
mX(s) = Ti(t) for some i : Y ↪→ X in Subκ(X) and t ∈ TY . Without loss
of generality, we may assume that Y is nonempty, so that i has a retraction, say
ri = 1Y . Then

mX · Si · Sr(s) = Ti · Tr ·mX(s) by naturality
= Ti · Tr · Ti(t)
= Ti(t) since ri = 1Y
= mX(s),

and hence Si ·Sr(s) = s. This shows that s is in the image of colimSDX → SX,
and, since s was arbitrary, that this map is surjective.

Remark 6.1.23. This proposition is crucially limited to functors whose domain
is Set. For example, the inclusion Z ↪→ Q is an epimorphism in CRing, and
since the Yoneda embedding CRingop ↪→ [CRing, Set] preserves limits, it gives
a monomorphism CRing(Q,−) → CRing(Z,−). However, as rings, Z is finitely
presentable, whileQ is not even finitely generated, so CRing(Z,−) is ℵ0-accessible,
but CRing(Q,−) is not.

Recall that a monad T on Set or FinSet is called consistent if ηT is monic.

Theorem 6.1.24. Let T be a consistent monad on FinSet. Then J♯T has no
rank.

Proof. Since FinSet and Set have kernel pairs, monomorphisms in MndFinSet and
MndSet are exactly those whose underlying natural transformation is monic (Re-
mark 4.2.5), which coincide with those which are pointwise monic. As J pre-
serves monomorphisms, both J◦ : [FinSet, FinSet] → [FinSet, Set] and RanJ (being
a right adjoint) preserve monomorphisms, and hence so does J♯. It follows that
J♯η

T : U → J♯T is a monic natural transformation. Since the ultrafilter monad
does not have rank, Proposition 6.1.22 then implies that neither does J♯T .

That the ultrafilter monad does not have rank is stated in several sources, e.g.
in Borceux’s book [15, Vol. II, p. 235], but seemingly always without proof. Here
is the sketch of one: for a regular cardinal κ and a set X of cardinality at least
κ, the collection of subsets of X whose complement has cardinality less than κ is
a proper filter. By the Ultrafilter Lemma, it is contained in some ultrafilter U .
One checks that U is not in the image of Ui for any i ∈ Subκ(X). It follows that
the map colimUDX → UX in the proof of Proposition 6.1.22 is not surjective,
and hence that U is not κ-accessible.

6.2 Pushforwards from FinFam to Fam
Let E be a category with coproducts and cofiltered limits and FinFam(E) and
Fam(E) denote its free completion under finite and small coproducts, respec-
tively. Leinster [45, Thm. 8.5] showed that the codensity monad of the inclusion
J : FinFam(E) ↪→ Fam(E) is the ultracoproduct monad. When E = (SetT )op for
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some finitary monad T , this sends an A-indexed family of T -algebras (Xa)a∈A
to the UA-indexed family of their ultraproducts (∏U Xa)U∈UA, in the sense of
model theory. In this section, we compute the pushforward of a lift of the pow-
erset monad P to FinFam(E) along J , and show that it is the reduced coproduct
monad. The dual reduced products are again a familiar construction in model
theory, as defined by Frayne, Morel and Scott in [27].

The author is grateful to Richard Garner for suggesting the study of pushfor-
wards along J and helping to shape some of the results in this section.

The category Fam(E) is perhaps best introduced as the Grothendieck con-
struction E(E−) of the functor E− : Setop → CAT which sends a set A to
EA ∼= CAT(A, E). Explicitly, Fam(E) is the category where

• objects are pairs (A, x) where A is a set and x = (xa)a∈A is an A-indexed
family of objects of E ;

• morphisms (A, x) → (B, y) are pairs (f, ϕ) where f : A → B is a function
and ϕ = (ϕa)a∈A is an A-indexed family of morphisms ϕa : xa → yf(b) in E .

The identity on (A, x) is (1A, (1xa)a∈A). The composite of

(A, x) (B, y) (C, z)
(f, ϕ) (g, ψ)

is (gf, (ψf(a)ϕa)a∈A). As the Grothendieck construction of E−, the category
Fam(E) comes equipped with a (Grothendieck) fibration P : Fam(E) → Set.

The category FinFam(E) is easily recovered as the Grothendieck construction
of EJ− : FinSetop → CAT. Its objects and morphisms are the same as those of
Fam(E) except that we insist that the indexing sets are finite. It comes equipped
with a fibration Q : FinFam(E) → FinSet fitting into a commutative diagram

FinFam(E) Fam(E)

FinSet Set,

J

Q P

J

which is easily seen to be a pullback in CAT.
Yet another way to view Fam(E) is as the lax slice category Set//E in CAT,

whose objects are functors ΓA : A → E from a discrete category A and whose
morphisms from ΓA to ΓB : B → E are pairs (f, ϕ) where f : A→ B is a function
and ϕ : ΓA → ΓBf is a natural transformation.

Leinster [45, Thm. 8.5] showed that J ♯1 is the ultracoproduct monad U, which
lifts the ultrafilter monad U along P . For (A, x) ∈ Fam(E),

U(A, x) =
UA,(lim

S∈U

∑
a∈S

xa

)
U∈UA

 ,
where we view U ∈ UA as a poset under subset inclusion.
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When E = (SetT )op, for some finitary monad T on Set, this becomes

U(A,X) =
(
UA, (∏U X)U∈UA

)
,

where ∏U X is the ultraproduct of the A-indexed family of T -algebras X over
the ultrafilter U . Explicitly, it is the quotient of ∏a∈AXa by the equivalence
relation which identifies (xa)a∈A and (ya)a∈A whenever the set {a ∈ A | xa = ya}
is in U . This construction is of great importance in model theory thanks to Łoś’s
theorem, which states that a first-order formula holds in ∏U X iff the set of those
i such that the formula holds in Xi is in U . Kennison [36, Thm. 1.4] showed that
the category of U algebras is isomorphic to the category T -Shf, whose objects
are compact Hausdorff spaces equipped with a sheaf of T -algebras and whose
morphisms are maps of sheaves which induce T -algebra homomorphisms on each
stalk.

The following result, given by Leinster in [45, Lem. 8.2], is standard. It will
allow us to compute certain pushforwards along J . For a functor Σ: Aop → CAT
and f : a→ a′ in A we write f ∗ : Σa′ → Σa for the image of f under Σ.

Lemma 6.2.1. Let I be a category, and let A be a category with limits of shape
I. Let Σ: Aop → CAT be a functor such that Σa has limits of shape I for each
a ∈ A which are preserved by f ∗ for all f : a′ → a in A. Then the Grothendieck
construction E(Σ) has limits of shape I and they are preserved by the projection
P : E(Σ) → A.

Explicitly, if D : I → E(Σ) is a functor with Di = (ai, xi) for i ∈ I, then

lim
i∈I

Di =
(
lim
i∈I

ai, lim
i∈I

π∗
i xi

)
,

where πi : limi ai → ai are the legs of a limit cone in A for PD.

Recall from Proposition 4.3.2 that a functor G : A → B is representably small
iff b↓G is cofinally small for each b ∈ B. The next proposition is the analogue of
Leinster’s [45, Prop. 8.3] for pushforward monads. As we did in Section 6.1, if
T is a monad on A whose pointwise pushforward along G exists and f : b → Ga
is a morphism in B, we write ⟨f⟩ : G♯T (b) → GTa for the leg of the limit cone
of (4.6) at f ∈ b↓G.

First, we need to introduce some notation. Let Σ: Aop → CAT be a functor,
inducing the fibration P : E(Σ) → A. Let T be an endofunctor on A and T be
an endofunctor on E(Σ) which lifts T along P . For each (a, x) ∈ E(Σ), we have

T (a, x) = (Ta, T ax)

for some T ax ∈ ΣTa. Note that T a becomes a functor Σa → ΣTa, since
T (1a, ϕ) = (1Ta, T aϕ) for some morphism T aϕ in ΣTa.

Proposition 6.2.2. Let G : A → B and Σ: Bop → CAT be functors. Suppose G
is representably small, B is complete, Σb is complete for all b ∈ B, and f ∗ has a
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left adjoint f! for every morphism f in B. Consider the pullback diagram in CAT

E(ΣGop) E(Σ)

A B.

G

Q P

G

Let T be a monad on A and T be a monad on E(ΣGop) which lifts T along Q.
Then the pointwise pushforward G♯T exists, it is given by

G♯T (b, x) =

G♯T (b), lim
f : b→Ga
∈b↓G

⟨f⟩∗T a(f!x)

 ,
for (b, x) ∈ E(Σ), and it is a lift of G♯T along P .

Proof. Using the pointwise formula for the pushforward in (4.6), for (b, x) ∈ E(Σ)
we have

G♯T (b, x) = lim
(
(b, x)↓G E(ΣGop) E(ΣGop) E(Σ)

Π(b,x) T G
)

where Π(b,x) is the projection.
An object of (b, x)↓G consists of an object a ∈ A, an object y ∈ Σ(Ga), a

morphism g : b → Ga in B, and a morphism ϕ : x → f ∗y in Σb. By assumption,
such a ϕ corresponds to a unique ψ : f!x → y in Σ(Ga). Hence, the limit above
is equivalent to

lim
f : b→Ga
∈b↓G

lim
ψ : f!x→y

∈f!x↓Σ(Ga)

GT (a, y)

as soon as this limit exists. By assumption, f!x↓Σ(Ga) has an initial object, the
identity on f!x, so the inside limit simplifies to GT (a, f!x) = (GTa, T a(f!x)).

Let S : I → b↓G be a cofinal functor from a small category. This together
with the completeness assumptions ensures that the limit exists by Lemma 6.2.1,
and is given by G♯T (b), lim

f : b→Ga
∈b↓G

⟨f⟩∗T a(f!x)

 .
That the monad structure of G♯T lifts that of G♯T along P is immediate

from its definition in terms of the universal property of limits and how they are
computed in E(Σ).

Remark 6.2.3. Note that instead of assuming that G is representably small and
Σb is complete for all b ∈ B, we could assume that, for each b ∈ B, the category
Σb has limits over all the shapes b′↓G for b′ ∈ B.

When E has coproducts and cofiltered limits, taking Σ = E− : Setop → CAT
and G = J : FinSet ↪→ Set satisfies the hypotheses of the previous remark. Given

131



a function f : A → B, the reindexing functor f ∗ : EB → EA has a left adjoint f!
as soon as E has coproducts. Indeed,

EA(x, f ∗y) ∼=
∏
a∈A

E(xa, yf(a)) ∼=
∏
b∈B

E(∑f(a)=b xa, yb),

so f!x has ∑a∈f−1{b} xa as its b-th component. Moreover, for every set A, the
category A↓J is cofiltered, so that each EB has limits of shape A↓J (computed
componentwise).

We now introduce a lift P of the powerset monad P along P : Fam(E) → Set.
It will itself lift along J to produce a lift P of P along Q : FinFam(E) → FinSet.
For (A, x) ∈ Fam(E), define

P(A, x) =
(
PA, (∑a∈S xa)S⊆A

)
. (6.5)

For a morphism (f, ϕ) : (A, x) → (B, y) in Fam(E), we put

P(f, ϕ) =
(
Pf, (ϕS)S⊆A

)
where ϕS :

∑
a∈S xa →

∑
a∈S yf(a) is the coproduct of the components of ϕ in S.

It is straightforward to see that P is a functor, which we endow with the following
monad structure.

The unit ηP at (A, x) has ηPA as its first component and the canonical isomor-
phism xa →

∑
a′∈{a} xa′ for each a ∈ A as its second component. The multiplica-

tion µP at (A, x) has µP
A as its first component and, for A ⊆ PA, the canonical

isomorphism
µ
P
A :

∑
A∈A

∑
a∈A

xa
∑

a∈µP
A
(A)
xa

as its second component. Once again, it is easy to see that this defines a monad
P and that it lifts P along P . Just like P restricts along J to P, the monad P
restricts along J to the monad P on FinFam(E).

The P-algebras admit a simple description:

Proposition 6.2.4. The category of P-algebras is isomorphic to the lax slice
category SupLat//E in CAT, where SupLat = SetP is the category of suplattices
and supremum-preserving maps.

Proof. Let ((A, x), (α, α)) be a P-algebra. Since P is a lift of P, it follows that
(A,α) is a P-algebra, i.e. a suplattice. For each S ⊆ A, we have a morphism

αS :
∑
a∈S

xa xα(S)

in E . The suplattice A becomes a poset, and hence a category, by setting a ≤ a′

iff α({a, a′}) = a′. Whenever this is the case, we have a morphism

Γ(a ≤ a′) = xa
∑

b∈{a,a′}
xb xa′

ιa α{a,a′}
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in E , where ιa is the coproduct inclusion. The unit axiom for the P-algebra ensures
that Γ(a ≤ a) is the identity on xa. If a ≤ a′ ≤ a′′ ∈ A, let S = {{a, a′}, {a′, a′′′}}
and consider the diagram

xa
∑

b∈{a,a′}
xb

∑
S∈S

∑
b∈S

xb
∑

b∈{a,a′,a′′}
xb

xa′
∑

b∈{a′,a′′}
xb xa′′ ,

ιa

ιa ι{a,a′}

α{a,a′}

µS

P(α, α)S α{a,a′,a′′}

ιa′ α{a′,a′′}

where the top face commutes by definition of µ, the left square by definition
of P and the right square by the P-algebra multiplication axiom. The bottom
composite is Γ(a′ ≤ a′′) · Γ(a ≤ a′). A similar diagram shows that the top
composite is also equal to Γ(a ≤ a′′), proving that Γ is a functor.

Conversely, suppose we have a suplattice (A,α) and a functor Γ: A→ E . Let
x = (Γa)a∈A and, for S ⊆ A, define

αS :
∑
a∈S

xa aα(S)

to be the map induced by Γ(a ≤ α(S)) for a ∈ S. The P-algebra unit axiom
amounts the fact that these maps are identities when S is a singleton. The
multiplication axiom is similarly checked, using the fact that Γ is a functor and
that maps out of a coproduct are determined by their components.

A morphism (f, ϕ) : ((A, x), (α, α)) → ((B, y), (β, β)) of P-algebras amounts
to a supremum-preserving map f : A → B together with morphisms ϕa : xa →
yf(a) in E for each a ∈ A such that

∑
a∈S

xa
∑

b∈f(S)
yb

xα(S) yβ(f(S))

P(f, ϕ)S

αS βf(S)

ϕα(S)

commutes for each S ⊆ A. Writing ΓA : A → E and ΓB : B → E for the cor-
responding functors, this gives a natural transformation ΓA → ΓBf . Naturality
follows from taking S = {a, a′} for a ≤ a′ ∈ A in the above diagram.

Conversely, given a supremum-preserving map f : A→ B and a natural trans-
formation ϕ : ΓA → ΓBf , we get a morphism of P-algebras. That the diagram
above commutes for each S ⊆ A is checked by precomposing with each coproduct
inclusion and using naturality.

We now compute the pushforward of the restricted monad P on FinFam(E)
along J : FinFam(E) → Fam(E).
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Theorem 6.2.5. Let E be a category with coproducts and cofiltered limits. The
pointwise pushforward J ♯P exists and is given by

J ♯P(A, x) =
FA,(lim

S∈F

∑
a∈S

xa

)
F∈FA


for (A, x) ∈ Fam(E), where we view F ∈ FA as a poset under subset inclusion.

Proof. We use the formula in Proposition 6.2.2, which is valid in this case by the
discussion above. By Theorem 6.1.14, the first component of J ♯P(A, x) is exactly
FA. The second is given by

lim
f : A→B
∈A↓J

⟨f⟩∗PB(f!x) = lim
f : A→B
∈A↓J

⟨f⟩∗PB
(∑

f(a)=b xa
)
b∈B

= lim
f : A→B
∈A↓J

⟨f⟩∗
∑
b∈T

∑
f(a)=b

xa


T⊆B

by (6.5)

= lim
f : A→B
∈A↓J

⟨f⟩∗
 ∑
a∈f−1T

xa


T⊆B

= lim
f : A→B
∈A↓J

 ∑
a∈f−1⟨f⟩(F)

xa


F∈FA

=

 lim
f : A→B
∈A↓J

∑
a∈f−1⟨f⟩(F)

xa


F∈FA

,

since limits in EFA are computed componentwise. We have omitted the isomor-
phism ψ : F → J♯P of Theorem 6.1.14, so that ⟨f⟩(F) is the smallest subset T of
B such that f−1T ∈ F .

For F ∈ FA, let DF : A↓J → E be the diagram whose limit gives the F -
component above. If f : A→ B ∈ A↓J and g : B → C ∈ FinSet, then ⟨gf⟩(F) =
g(⟨f⟩(F)) by (6.1). Since T ⊆ g−1g(T ) for any T ⊆ B, we then have

f−1⟨f⟩(F) ⊆ (gf)−1⟨gf⟩(F)

with both sets in F . Then DFg is the map
∑

a∈f−1⟨f⟩(F)
xa

∑
a∈(gf)−1⟨gf⟩(F)

xa

induced by the coproduct inclusions.
Let EF : F → E be the diagram in the statement, which sends S ⊆ S ′ ∈ F to

the map ∑a∈S xa →
∑
a∈S′ xa induced by the coproduct inclusions. We have just

shown that the assignment f 7→ f−1⟨f⟩(F) gives a functor K : A↓J → F , and
that EFK = DF . It suffices to prove that this functor is cofinal. This in turn
follows easily from the fact that K is surjective on objects, A↓J is cofiltered and
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F is a poset.

Being a lift of the filter monad F on Set along P , we denote J ♯P by F. By
the general theory of Section 5.1, F ought to be thought of as a combination of
J ♯1 ∼= U and P. How exactly these two monads are combined does not seem to
have a simple description. In particular, the π-weak distributive law of U over P
yielding F does not to lift to a π-weak distributive law of U over P yielding J ♯P.
Already the section ι : F → PU of Proposition 6.1.16 does not lift to Fam(E). A
lift would require, for each F ∈ FA, a map

lim
S∈F

∑
a∈S

xa
∑

U∈UA
F⊆U

lim
S∈U

∑
a∈S

xa,

which seems impossible to describe in this generality.
Setting E = (SetT )op for a finitary monad T , we have

F(A,X) =
FA,(colim

S∈F

∏
a∈S

Xa

)
F∈FA

 .
For F ∈ FA, the colimit in the F -component is the reduced product ∏F X
of X over F , as defined by Frayne, Morel and Scott in [27]. Much like the
ultraproduct, this is the quotient of ∏a∈S Xa by the equivalence relation which
identifies (xa)a∈A and (ya)a∈A whenever {a ∈ A | xa = ya} is in F .

Every F-algebra (A,X) has underlying P- and U-algebra structures. The
latter implies that A is a compact Hausdorff space with a sheaf of T -algebras.
By Proposition 6.2.4, the former implies that A is a suplattice equipped with a
functor Aop → SetT . Since F lifts F, it also follows that A is in fact a continuous
lattice. An explicit description of the F-algebras would involve specifying how
these two structures interact. This is left as a subject for future work.

6.3 Codensity monads of the category of fields
In this section, we study the codensity monad K of the inclusion Field ↪→ CRing
of the category of fields into the category of commutative unital rings (which we
will simply refer to as rings within this section). Although we already saw in
Example 4.3.23(i) that the category of K-algebras is the free product completion
of Field using results of Diers’s, this was proved independently by the author.
This alternative derivation, unlike Diers’s theory of multimonadic functors, is
restricted to the categories in question. On the other hand, it is far more explicit.

The action of K on objects was described by Leinster [45, Ex. 5.1]. For a ring
R we have

KR ∼=
∏

p∈SpecR
Frac(R/p). (6.6)

This can be seen from the limit formula (4.6) using the description of the category
R/Field in Example 4.3.4(iv).
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For p ∈ SpecR, we will write πp for the projection KR → Frac(R/p). The
action of K on morphisms is as follows: for a ring homomorphism f : R → S,
x ∈ KR and q ∈ SpecR, we have

Kf(x)q = fq(xf−1q), (6.7)

where fq denotes the map of fields Frac(R/f−1q) → Frac(S/q) that f induces.
On the p-component, the unit ηKR is the canonical map R → Frac(R/p). This

unit embodies the philosophy of algebraic geometry: KR is a ring of dependent
functions on SpecR, and ηKR realises elements of R as such functions. To under-
stand the multiplication, we need the following elementary result about ideals in
a product of fields.

Proposition 6.3.1. Let I be a set, and ki be a field for each i. The poset
of ideals of R = ∏

i∈I ki is isomorphic to the poset of filters on I. All prime
ideals are maximal, and they correspond to the ultrafilters. Moreover, for S ⊆ I,
the quotient map from R to its quotient by the ideal corresponding to ↑S is the
projection ∏

i∈I
ki −→

∏
i∈S

ki.

Proof. First, we introduce some notation. For x ∈ R, let V (x) = {i ∈ I | xi = 0}.
Given an ideal a of R, we define

Fa = {V (x) | x ∈ a}.

One easily checks that this is a filter on I. Conversely, a filter F on I gives the
ideal

aF = {x ∈ R | V (x) ∈ F}.

It is clear that these two processes are mutually inverse, and that they preserve
inclusions.

If a is a non-maximal proper ideal, then Fa is proper but not an ultrafilter, so
there is some S ⊆ I such that S, I \S /∈ Fa. Taking x, y ∈ R such that V (x) = S
and V (y) = I \ S then gives xy = 0 ∈ a and yet x, y /∈ a, so a is not prime.

For the statement about quotients, it suffices to note that, for S ⊆ I, the ideal
a↑S is precisely ∏i∈I\S ki ×

∏
i∈S{0} ⊆ R.

The multiplication µK
R : K2R → KR is then just the projection onto those

factors corresponding to the principal ultrafilters:∏
q∈SpecKR

Frac(KR/q) −→
∏

p∈SpecR
Frac(KR/a↑{p}) ∼=

∏
p∈SpecR

Frac(R/p)

Since Field ↪→ CRing is fully faithful, so is the comparison functor Field ↪→
CRingK by Remark 4.3.12. Thus every field is an example of a K-algebra. All
the free K-algebras are products of fields by (6.6), and in fact this will be true
for all K-algebras. To show this, we introduce the following notation: for a set
S ⊆ I, and fields ki for i ∈ I, let δS be the element of ∏i∈I ki that is 1 in those
components in S and 0 elsewhere.
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Proposition 6.3.2. Let ξ : KR → R be a K-algebra structure map. Then R ∼=∏
i∈I ki for some set I and fields ki for each i ∈ I, and ξ is isomorphic to the

projection onto the components corresponding to the principal ultrafilters on I.

Proof. Let S ⊆ SpecKR be the set of those primes corresponding to nonprin-
cipal ultrafilters. Our description of µK

R implies that µK
R(δS) = 0, and then the

multiplication axiom says that Kξ(δS) ∈ ker ξ. By the description of K on maps
in (6.7), Kξ(δS) = δT , where T ⊆ SpecR is the set of those primes p such that
ξ−1p ∈ S. Hence, δT ∈ ker ξ.

By the unit axiom, if x ∈ R is nonzero, then ηKR(x) /∈ ker ξ, so ηKR(x) is not a
multiple of δT . Using the product formula (6.6), this means that ηKR(x) is nonzero
in at least one component outside of T . In other words, for every nonzero x ∈ R,
there exists some p ∈ SpecR such that x /∈ p and ξ−1p corresponds to a principal
ultrafilter. It follows that⋂

p∈(SpecR)\T
p = 0 and ker ξ =

⋂
p∈(SpecR)\T

ξ−1p.

Thus, ker ξ corresponds to an intersection of principal ultrafilters, which is itself a
principal filter. Since R ∼= KR/ ker ξ, Proposition 6.3.1 gives that ξ is isomorphic
to a projection onto a subproduct of KR.

Now assume that R = ∏
i∈I ki for some set I and fields ki for each i ∈ I. Then⋂

i∈I
a↑{i} = 0 and ker ξ =

⋂
i∈I
ξ−1a↑{i},

so it suffices to show that ξ−1a↑{i} = a↑{↑{i}}. Let x ∈ R be such that V (x) =
{i}, so x ∈ a↑{i} and this is the only prime ideal of R containing x. Then
V (ηKR(x)) = {↑{i}}, and the only prime ideal of KR containing ηKR(x) is a↑{↑{i}}.
Since ξηKR(x) = x and x ∈ a↑{i}, this ideal must be ξ−1a↑{i}.

Since CRing has and UK creates products, CRingK has products. Proposi-
tion 6.3.2 then implies that its objects are precisely the products of fields, each
with a unique K-algebra structure. However, not every morphism of rings between
two products of fields is a K-algebra map.

Proposition 6.3.3. Let I and J be sets, and ki and hj be fields for each i ∈ I
and j ∈ J . For a ring homomorphism f : ∏i∈I ki →

∏
j∈J hj, the following are

equivalent:

(i) f is a K-algebra map;

(ii) for each j ∈ J , the prime ideal f−1a↑{j} corresponds to a principal ultrafilter
on I under the correspondence of Proposition 6.3.1;

(iii) there exist a function f ∗ : J → I, and field homomorphisms fj : kf∗(j) → hj
for each j ∈ J , such that πjf = fjπf∗(j) for all j ∈ J .

Proof. Throughout, let κ and λ be the unique algebra structure maps of ∏i∈I ki
and ∏j∈J hj, respectively.
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(i) ⇒ (ii). Let j ∈ J and p = f−1a↑{j}. Consider δ{p} ∈ K(∏i∈I ki). If p is
not principal, then κ(δ{p}) = 0 and, since f is a K-algebra map, λ · Kf(δ{p}) = 0.
This is a contradiction, because Kf(δ{p}) is 1 in the a↑{j}-component, and hence
so is λ · Kf(δ{p}) in the j-component.

(ii) ⇒ (iii). The function f ∗ : J → I sends j ∈ J to the unique i ∈ I such that
f−1a↑{j} = a↑{i}. The field homomorphism fj : kf∗(j) → hj is the one induced by f
on the quotients by a↑{f∗(j)} and a↑{j}, which are kf∗(j) and hj, respectively. The
equations needed hold because these quotient maps are precisely the projections.

(iii) ⇒ (i). Let x ∈ K(∏i∈I ki). The j-component of fκ(x) is fjπf∗(j)κ(x). To
find the j-component of λ · Kf(x), we must first find f−1a↑{j}. This is precisely
the kernel of πjf = fjπf∗(j), which is ker πf∗(j) = a↑{f∗(j)}, since fj is a field
homomorphism, and hence injective. Then

πjλ · Kf(x) = fjπ↑{f∗(j)}(x) = fjπf∗(j)κ(x)

as needed.

Condition (iii) is exactly what it means for f to be a morphism in the free
product completion of Field.

Theorem 6.3.4. The category Prod(Field) is monadic over CRing, and the cor-
responding monad is the codensity monad of the inclusion Field ↪→ CRing.

Proof. By Proposition 6.3.2, every object of CRingK is a product of fields, and
each such product has a unique K-algebra structure. This establishes a bijection
between the objects of CRingK and the objects of Prod(Field). Proposition 6.3.3
gives the bijection between the morphisms.

Next, we examine the codensity monad of the forgetful functor Field → Set.
This forgetful functor is URJ , where R is the free ring monad on Set and
J : Field ↪→ CRing and UR : CRing → Set are the forgetful functors. Since UR

is a right adjoint, Remark 4.1.8 gives

(URJ)♯1 ∼= UR
♯ (J♯1) = UR

♯ K.

By Lemma 2.2.3(iii), UR
♯ K ∼= URKFR, which is the monad induced by the com-

posite adjunction

Set CRing Prod(Field)
FR

⊣

FK

UR

⊣

UK

The next proposition sets up the use of the Crude Monadicity Theorem.

Proposition 6.3.5. The category Prod(Field) has and URUK preserves reflexive
coequalisers.

Proof. Let I and J be sets, ki and hj be fields for each i ∈ I and j ∈ J , and
f, g : ∏i∈I ki

∏
j∈J hj be morphisms in Prod(Field) with common section s.
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Let us focus on a single j ∈ J . We have two field homomorphisms

fj : kf∗(j) hj and gj : kg∗(j) hj,

such that fjsf∗(j) = 1 = gjsg∗(j). Since all field homomorphisms are injective, this
implies that fj and gj are isomorphisms with inverses sf∗(j) and sg∗(j), respectively.

Now let
J ′ = {j ∈ J | f ∗(j) = g∗(j)},

and let p : ∏j∈J hj → ∏
j∈J ′ hj be the projection. We claim that p is the co-

equaliser of f and g in Prod(Field). First note that pf = pg, because f ∗p∗ = g∗p∗

by definition of J ′, and for j ∈ J ′ we have fj = gj, because they both have the
same inverse, i.e. sf∗(j) = sg∗(j). Now letM be a set, lm be a field for eachm ∈M ,
and d : ∏j∈J hj →

∏
m∈M lm be a morphism in Prod(Field) such that df = dg. For

each m ∈ M , we must have f ∗d∗(m) = g∗d∗(m), so d∗(m) ∈ J ′. This shows that
d factors uniquely through p.

Lastly, let us consider the coequaliser of f and g in Set. This is the quotient
of ∏j∈J hj by the equivalence relation generated by setting f(x) ∼ g(x) for all
x ∈ ∏i∈I ki. It suffices to show that, for y, y′ ∈ ∏j∈J hj,

y ∼ y′ ⇐⇒ ∀j ∈ J ′, yj = y′j, (6.8)

for then the quotient map is precisely p. First, note that for any x ∈ ∏i∈I ki and
j ∈ J ′, we have

f(x)j = fj(xf∗(j)) = gj(xg∗(j)) = g(x)j.
Since the condition on the right-hand side of (6.8) is clearly an equivalence rela-
tion, we conclude that it contains ∼. Conversely, suppose yj = y′j for all j ∈ J ′.
Let x ∈ ∏i∈I ki be such that

xi =


s(y)i = si(ys∗(i)) if i ∈ im f ∗,

s(y′)i = si(y′s∗(i)) if i ∈ im g∗,

0 otherwise.

This is well defined because if i = f ∗(j) = g∗(j′) for some j, j′ ∈ J , then applying
s∗ throughout gives s∗(i) = j = j′, and so j ∈ J ′ and yj = y′j. For j ∈ J , we have

f(x)j = fj(xf∗(j)) = fj(s(y)f∗(j)) = f(s(y))j = yj,

so f(x) = y. Similarly, g(x) = y′, and we conclude that y ∼ y′ as needed.

Theorem 6.3.6. The category Prod(Field) is monadic over Set, and the corre-
sponding monad is the codensity monad of the forgetful functor Field → Set.

Proof. The functor URUK is a right adjoint, and it reflects isomorphisms because
both UR and UK do. Proposition 6.3.5 then completes the hypotheses of the
Crude Monadicity Theorem.

Corollary 6.3.7. The category Prod(Field) is complete and cocomplete. Both UK

and URUK create all limits and reflexive coequalisers.
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Proof. Any category monadic over Set is complete and cocomplete by Theo-
rem 2.4.5. The statement about limits follows from the fact that monadic functors
create limits. They also create any colimits that the monad preserves. We have
just shown that URUK preserves reflexive coequalisers, and UR reflects them, so
UK also preserves them.

This is quite remarkable: Field is a well-known example of a category that
is not monadic over Set. This is clear because Field does not have products.
Theorem 6.3.6 says that this is all it is missing. In the terminology of Section 1.2,
we may summarise this with the phrase:

the smallest algebraic category containing the category
of fields is the category of products of fields.

Alternative perspectives on Theorem 6.3.6 are given by Kennison and Gilden-
huys [37, pp. 341–342] and Diers [22, §3]. The former uses a topological approach:
fields are given the discrete topology, and their products, the product topology.
The morphisms in Prod(Field) are then precisely the continuous ring homomor-
phisms. Diers, on the other hand, shows that Field → Set is multimonadic and
satisfies (D), and then applies Theorem 4.3.22.

We conclude this section by examining the operations in the theory of products
of fields, and showing that the corresponding monad does not have rank. For ease
of notation, we write T = URKFR for this monad. Let X be a set and

θ ∈ TX =
∏

p∈SpecZ[X]
Frac(Z[X]/p).

Recall from Section 1.2 that we may think of θ as an X-ary operation in the
theory of products of fields. Given a set I and fields ki for each i ∈ I, θ gives an
operation θ̂ : (∏i∈I ki)X → ∏

i∈I ki defined as follows:

An element a ∈ (∏i∈I ki)X corresponds to a unique ring homomorphism
fa : Z[X] → ∏

i∈I ki. For each i ∈ I, ker πifa is a prime ideal of Z[X]. Then

θ̂(a)i = (πifa)kerπifa(θkerπifa),

where (πifa)kerπifa : Frac(Z[X]/ ker πifa) → ki is the map induced by πifa.

This means that θ̂ will typically act differently on each component of the
product. Moreover, for a fixed a ∈ (∏i∈I ki)X , only those components of θ indexed
by ker πifa for each i ∈ I matter, in the sense that if ζ ∈ TX is such that
θkerπifa = ζkerπifa for each i, then θ̂(a) = ζ̂(a).

Examples 6.3.8.

(i) The constants of the theory of Prod(Field) are the elements of Q×∏
p Z/p,

where the product is over all prime numbers p. When acting on a field k,
only the component corresponding to char k matters.

(ii) The set of unary operations is ∏p∈SpecZ[x] Frac(Z[x]/p). For a field k and
a ∈ k, only the component corresponding to the kernel of the map Z[x] → k
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sending x to a matters. For instance, for
√
2 ∈ R, the kernel is the principal

ideal (x2 − 2), and then the corresponding component of a unary operation
is an element of Q(

√
2) ⊆ R.

(iii) For n ∈ N, consider the operation θ ∈ T{x1, . . . , xn} that is 1 in the compo-
nents corresponding to the prime ideals (0), (2), (3), (5), . . . of Z[x1, . . . , xn],
and zero elsewhere. For a field k and a1, . . . , an ∈ k, we see that
θ̂(a1, . . . , an) = 1 iff the a1, . . . , an are algebraically independent over the
prime subfield of k.

Proposition 6.3.9. The codensity monad of the forgetful functor Field → Set
has no rank.

Proof. Let κ be a regular cardinal, equipped with its least well-order. The as-
signment i 7→ seg(i) gives a functor D : κ → Set, whose colimit is κ itself. The
fact that κ is regular implies that this is a κ-filtered colimit.

For i ∈ κ and p ∈ SpecZ[κ], the p-component of the comparison map TDi→
Tκ is the bottom arrow in the square

Z[Di] Z[κ]

Frac(Z[Di]/(p ∩ Z[Di])) Frac(Z[κ]/p)

can can

Seeing Di as a subset of κ, let pi be the ideal generated by ηRκDi ⊆ Z[κ]. This
is prime, since Z[κ]/pi is the integral domain Z[↑i], where we write ↑i for the set
of elements strictly above i in κ. In the pi-component, the bottom map in the
square becomes Q → Q(↑i).

Using (6.6), let y ∈ KZ[κ] be such that

yp =
i ∈ Q(↑i) if p = pi for some i ∈ κ,

0 ∈ Frac(Z[κ]/p) otherwise,

for each p ∈ SpecZ[κ]. An element of colimκ TD is represented by some x ∈
K(Z[Dj]) for some j ∈ κ. The image of such an x cannot be y, because if i > j,
its pi-component is a rational constant, and not i. Thus, the comparison map
colimκ TD → T(colimκD) is not surjective, and T does not preserve κ-filtered
colimits.

We end by remarking that a similar story unfolds if one takes the inclusion
of the category Fieldp of fields of characteristic p into CRing, where p is zero or a
prime number. In this case, the categories of algebras for the codensity monads
of the forgetful functors into both CRing and Set are the free product completion
Prod(Fieldp).
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6.4 Pushing forward along a monad
In this last section we consider the situation of pushing a monad forward along
another monad. As the first nontrivial example of this, we compute the coden-
sity monad of the exception monads EE on Set for a not-necessarily-finite set E
(Example 2.4.12).

Let t and s be monads on a 0-cell x of a 2-category. At first glance, one might
not expect anything special to happen when taking s♯t, since s here is only acting
as a 1-cell. However, when s has a monad structure, there is some interaction
between this monad and the pushforward:
Proposition 6.4.1. With t and s as above, there is a canonical monad map
s→ s♯t whenever the latter exists.

Proof. Recall from Example 2.3.4 that

(x, t) (x, 1x) (x, s)(1x, ηt) (s, µs)

are lax monad functors. Their composite is hence a lax monad functor whose
underlying 1-cell is s. By Theorem 4.1.5, this corresponds to a monad map
s→ s♯t.

Note that s♯t does not depend on the monad structure on s, so any such
monad structure will give a map of monads s → s♯t. For instance, let M be a
set, and MM be the functor M × − : Set → Set. Every monoid structure on M
can be used to give MM two monad structures whose algebras are, respectively,
the corresponding left and right M -sets. An (MM)♯1-algebra will simultaneously
have an underlying left and right M -set structure for every monoid structure on
M .

The difficulty of computing pushforwards along a functor greatly increases
with the complexity of the functor. Because of this, we will only consider the
most basic examples.
Example 6.4.2. Let T and T0 be the terminal and subterminal monads on Set
of Examples 2.4.9 and 2.4.10. From (4.6), it is straightforward to see that

T♯1 ∼= T, T♯T0 ∼= T, T♯T ∼= T, T0♯1 ∼= T0, T0♯T0 ∼= T0, and T0♯T ∼= T.

The rest of this section is devoted to describing (EE)♯1 and its category of
algebras for a nonempty set E. In fact, Diers’s theory of multimonadic functors
already answered this question whenever |E| ≥ 2 (Example 4.3.23(ii)). We record
this as a theorem here.
Theorem 6.4.3. Let E be a set with at least two elements. The functor
Prod(Set) → Set given by

(Xi)i∈I
∏
i∈I

(Xi + E)

is monadic, and the corresponding monad is the codensity monad of EE.
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It remains to describe (E1)♯1 and its category of algebras. For notational
convenience, we will write E instead of E1. Since the functor E does not satisfy (D),
we will need to take a more careful approach. Coincidentally, the monad E is quite
special: it is one of only six families of finitary monads on Set all of whose algebras
are free. Four of these families are given in Part II of a theorem of Givant [29,
p. 2]; the other two are the inconsistent monads T and T0.

LetX be a set, and A ⊆ X. Throughout the remainder of this section we write
[A] : X → EA for the function that is the identity on A and sends everything else
to the basepoint ∗ ∈ 1. This is the initial object of the connected component of
X↓E corresponding to the map E!·[A] : X → E1, as described in Example 4.3.4(v).
Using the limit formula (4.6), we get

E♯1(X) =
∏
A⊆X

EA.

For A ⊆ X, we write ⟨A⟩ : E♯1(X) → EA for the corresponding product
projection. Given a function f : X → Y and B ⊆ Y we have

⟨B⟩ · E♯1(f) = E(f |f−1B) · ⟨f−1B⟩. (6.9)

The counit ϵX : E♯1(EX) → EX is simply ⟨X⟩, the projection onto the component
corresponding to X ⊆ EX. For each A ⊆ X, the unit η of E♯1 satisfies

⟨A⟩ · ηX = [A], (6.10)

while the multiplication µ is determined by

⟨A⟩ · µX = E
(
⟨A⟩|⟨A⟩−1A

)
· ⟨⟨A⟩−1A⟩. (6.11)

We have dropped the name of the monad E♯1 from the notation of the unit and
multiplication for convenience. No confusion should arise since this is the only
monad we consider for the rest of the section.

As with the multiplication of K in Section 6.3, note that µX only depends
on the components indexed by ⟨A⟩−1A for A ⊆ X. This will allow us to use a
similar strategy as in Proposition 6.3.2 to show that the E♯1-algebras are products
of pointed sets. First, we show how to endow a product of pointed sets with an
E♯1-algebra structure.

Proposition 6.4.4. Let I be a set, and Xi be nonempty sets for each i ∈ I. Let
X = ∏

i∈I EXi, and Yi = π−1
i Xi ⊆ X for each i ∈ I. Then the unique function

ζ : E♯1(X) → X such that
πiζ = E(πi|Yi) · ⟨Yi⟩ (6.12)

for each i ∈ I is an E♯1(X)-algebra structure map.

Proof. First consider the case where I = {1}. The comparison functor Set →
SetE♯1 over E sends a set X1 to the E♯1-algebra ϵX1 : E♯1(EX1) → EX1. This agrees
with the one in the statement because ϵX1 is just ⟨X1⟩. For a general I, taking
the product in SetE♯1 of each of these E♯1-algebra structures on the EXi gives the
desired E♯1-algebra structure map ζ on X.
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The result of the previous proposition remains true even if some of the Xi

are empty. Asking that they be nonempty is a normalisation condition, since if
Xi = ∅ then removing it does not change the set X or its E♯1-algebra structure
up to isomorphism. Note that we can still obtain a singleton algebra from this
proposition by taking I = ∅.

Our plan is to show that every E♯1-algebra is isomorphic to one given by
Proposition 6.4.4. In order to do this, we must identify the subsets that will play
the role of the Yi there.

Definition 6.4.5. Let (X, ξ) be an E♯1-algebra. A subset A ⊆ X is relevant if
it is nonempty and ξ−1A = ⟨A⟩−1A as subsets of E♯1(X). Let R(ξ) be the set of
all relevant subsets.

Lemma 6.4.6. Let (X, ξ) be an E♯1-algebra, and A,B ⊆ X. If ξ−1B = ⟨A⟩−1A,
then A = B.

Proof. For x ∈ X, we have

x ∈ A
(6.10)⇐⇒ ηX(x) ∈ ⟨A⟩−1A = ξ−1B ⇐⇒ ξηX(x) = x ∈ B.

The name ‘relevant’ is motivated by the next lemma.

Lemma 6.4.7. Let (X, ξ) be an E♯1-algebra. Then ξ factors through the projec-
tion

τ : E♯1(X)
∏

A∈R(ξ)
EA.

Proof. Let y, y′ ∈ E♯1(X). It suffices to show that ξ(y) = ξ(y′) whenever ⟨A⟩(y) =
⟨A⟩(y′) for all A ∈ R(ξ). We will do this by constructing z, z′ ∈ (E♯1)2(X)
such that µX(z) = y and µX(z′) = y′, and yet E♯1(ξ)(z) = E♯1(ξ)(z′). The
multiplication axiom for ξ then implies

ξ(y) = ξµX(z) = ξ · E♯1(ξ)(z) = ξ · E♯1(ξ)(z′) = ξµX(z′) = ξ(y′).

We set

⟨⟨A⟩−1A⟩(z) = ⟨A⟩(y) and ⟨⟨A⟩−1A⟩(z′) = ⟨A⟩(y′),

for A ⊆ X, and ⟨B⟩(z) = ⟨B⟩(z′) = ∗ for any other B ⊆ E♯1(X). That µX(z) = y
and µX(z′) = y′ is immediate from (6.11). If A ⊆ X is relevant, then

⟨ξ−1A⟩(z) = ⟨⟨A⟩−1A⟩(z) = ⟨A⟩(y) = ⟨A⟩(y′) = ⟨⟨A⟩−1A⟩(z′) = ⟨ξ−1A⟩(z′),

and otherwise ⟨ξ−1A⟩(z) = ∗ = ⟨ξ−1A⟩(z′) by Lemma 6.4.6. It follows from (6.9)
that E♯1(ξ)(z) = E♯1(ξ)(z′).

The relevant subsets of the E♯1-algebra (X, ζ) induced by a family of nonempty
sets (Xi)i∈I by Proposition 6.4.4 are exactly the Yi defined there for i ∈ I. Indeed,
given i ∈ I, Yi is nonempty because Xi is, and for y ∈ E♯1(X) we have

ζ(y) ∈ Yi ⇐⇒ πiζ(y) = E(πi|Yi) · ⟨Yi⟩(y) ∈ Xi ⇐⇒ ⟨Yi⟩(y) ∈ Yi,
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so that ζ−1Yi = ⟨Yi⟩−1Yi. Conversely, if A ⊆ X is nonempty and not equal to
one of the Yi, then the value of ζ(y) does not depend on ⟨A⟩(y). For x ∈ A, let
y ∈ E♯1(X) be equal to ηX(x) in all components but the one corresponding to A,
where instead ⟨A⟩(y) = ∗. Then ζ(y) = x ∈ A but ⟨A⟩(y) /∈ A, so that A is not
relevant.

We will need some notation for the proof of the next proposition. Let (X, ξ) be
an E♯1-algebra. Let ξ̃ be the factorisation of ξ through τ afforded by Lemma 6.4.7.
For A ⊆ X and x ∈ X, let δxA be the unique element of E♯1(X) such that

⟨A⟩(δxA) = [A](x) and ⟨B⟩(δxA) = ∗

for all other B ⊆ X. In particular, if x /∈ A, all components of δxA are ∗.
Proposition 6.4.8. Every E♯1-algebra is isomorphic to one described by Propo-
sition 6.4.4.
Proof. Let (X, ξ) be an E♯1-algebra and, for A ∈ R(ξ), let

XA = A \

 ⋃
B∈R(ξ)\{A}

B

 ⊆ X.

Each XA is nonempty. Indeed, if A were a subset of a union ⋃i∈I Bi of relevant
subsets Bi, then

⟨A⟩−1A = ξ−1A ⊆
⋃
i∈I
ξ−1Bi =

⋃
i∈I

⟨Bi⟩−1Bi.

This is clearly impossible, because the values of ⟨A⟩(y) and ⟨Bi⟩(y) for y ∈ E♯1(X)
are independent.

Let Y = ∏
A∈R(ξ) EXA with its canonical E♯1-algebra structure map ζ given by

Proposition 6.4.4. We show that (X, ξ) and (Y, ζ) are isomorphic. The inclusions
XA ⊆ A for each A, give an inclusion Y ⊆ ∏

A∈R(ξ) EA. Our isomorphism will be
the composite

β : Y
∏

A∈R(ξ)
EA X.

ξ̃

Its inverse is the unique map γ : X → Y such that

πAγ(x) =
ξ(δxA) if x ∈ A,

∗ otherwise,
(6.13)

for all x ∈ X and A ∈ R(ξ). To see that ξ(δxA) ∈ XA when x ∈ A, note that for
any B ∈ R(ξ) we have

ξ(δxA) ∈ B ⇐⇒ δxA ∈ ξ−1B = ⟨B⟩−1B ⇐⇒ ⟨B⟩(δxA) ∈ B ⇐⇒ A = B.

Given x ∈ X, we need βγ(x) = x. Let z ∈ (E♯1)2(X) be such that ⟨ξ−1A⟩(z) =
δxA for each A ∈ R(ξ). From (6.9) and (6.11), we see that

τ · E♯1(ξ)(z) = γ(x) and τµX(z) = τηX(x).
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Then

βγ(x) = ξ̃τ · E♯1(ξ)(z)
= ξ · E♯1(ξ)(z)
= ξµX(z) by the multiplication axiom
= ξ̃τµX(z)
= ξ̂τηX(x)
= ξηX(x)
= x by the unit axiom.

Given y ∈ Y , we also need γβ(y) = y. Let z ∈ E♯1(X) be such that ⟨A⟩(z) =
yA for all A ∈ R(ξ), e.g. by setting ⟨B⟩(z) = ∗ for any nonrelevant B ⊆ X. Then
β(y) = ξ(z) by definition of β. If yA is in XA ⊆ A for some A ∈ R(ξ), then
z ∈ ⟨A⟩−1A = ξ−1A, so

E♯1(ξ)(δzξ−1A) = δ
ξ(z)
A and µX(δzξ−1A) = δyAA

by (6.9), (6.11) and Lemma 6.4.6. Moreover, τηX(yA) = τ(δyAA ) because yA ∈ XA

implies that yA /∈ B for any other B ∈ R(ξ). Then

πAγβ(y) = πAγξ(z)
= ξ(δξ(z)A ) by (6.13) since z ∈ ξ−1A

= ξ · E♯1(ξ)(δzξ−1A)
= ξµX(δzξ−1A) by the multiplication axiom
= ξ(δyAA )
= ξ̃τ(δyAA )
= ξ̃τηX(yA)
= ξηX(yA)
= yA by the unit axiom.

If on the other hand yA = ∗, then z /∈ ⟨A⟩−1A = ξ−1A, so

πAγβ(y) = πAγξ(z) = ∗

by (6.13).
Lastly, we show that β is an E♯1-algebra map. For A ∈ R(ξ), let YA =

π−1
A XA ⊆ Y as in Proposition 6.4.4, and note that YA = ξ̃−1A ∩ Y = β−1A. Let
z ∈ E♯1(Y ). By (6.12) and (6.9),

πAζ(z) = E(πA|YA) · ⟨YA⟩(z) and ⟨A⟩ · E♯1(β)(z) = E(β|YA) · ⟨YA⟩(z)

for all A ∈ R(ξ). Let w ∈ (E♯1)2(X) be such that

⟨A⟩ · ⟨ξ−1A⟩(w) = δ
ζ(x)A
A
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for all A ∈ R(ξ), where πAζ(x) ∈ EXA ⊆ EA. Then from (6.12), (6.11) and (6.9),
we have

⟨A⟩ · µX(w) = πAζ(z) and τ · E♯1(ξ)(w) = τ · E♯1(β)(z).

Altogether,

βζ(z) = ξµX(w) by definition of β
= ξ · E♯1(ξ)(w) by the multiplication axiom
= ξ̃τ · E♯1(ξ)(w)
= ξ̃τ · E♯1(β)(z)
= ξ · E♯1(β)(z).

This characterises the E♯1-algebras, but we still need to study the maps be-
tween them. That is the content of the next proposition. Given a family of
nonempty sets (Xi)i∈I and x ∈ Xi for some i ∈ I, we now write δxi for the unique
element of ∏i∈I EXi with x in its i-th component and ∗ elsewhere.
Proposition 6.4.9. Let I and J be sets, Xi and Yj be nonempty sets for each
i ∈ I and j ∈ J , and X = ∏

i∈I EXi and Y = ∏
j∈J EYj. Let (X, ξ) and (Y, ζ)

be the E♯1-algebras given by Proposition 6.4.4. A function f : X → Y is an
E♯1-algebra map (X, ξ) → (Y, ζ) iff there exist

• a function f ∗ : J → EI; and

• for each j ∈ J such that f ∗(j) ∈ I, a function fj : Xf∗(j) → Yj,
such that

πjf =
Efj · πf∗(j) whenever f ∗(j) ∈ I,

∗ otherwise.

Moreover, the data of f ∗ and the fj whenever f ∗(j) ∈ I uniquely determines f .
Proof. Let f be an E♯1-algebra map. For j ∈ J , define f ∗(j) to be the (unique)
i such that (πjf)−1Yj = π−1

i Xi, or ∗ if no such i exists. Since f is an E♯1-algebra
map,

πjfξ = πjζ · E♯1(f)
= E(πj|π−1

j
Yj
) · ⟨π−1

j Yj⟩ · E♯1(f) by (6.12)

= E(πjf |(πjf)−1Yj) · ⟨(πjf)−1Yj⟩ by (6.9). (6.13)

Given x ∈ X, define z ∈ E♯1(X) by putting ⟨π−1
i Xi⟩(z) = δxii for each i ∈ I,

and ⟨A⟩(z) = ∗ for any other A ⊆ X, so that ξ(z) = x by (6.12). If f ∗(j) = i ∈ I,
(6.13) gives

πjf(x) = E(πjf |π−1
i
Xi
)(δxii ).

Since the right-hand side only depends on xi, it is clear that πjf factors through
πi. This factorisation is unique because πi is epic. Moreover,

πjf(x) = ∗ ⇐⇒ δxii /∈ π−1
i Xi ⇐⇒ xi /∈ Xi,
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so the factorisation is of the form Efj for a unique fj : Xi → Yj. If on the other
hand f ∗(j) = ∗, then (6.13) gives πjf(x) = ∗, as needed.

Now suppose f satisfies the conditions in the statement. We need to show
both sides of (6.13) are equal for all j ∈ J and z ∈ E♯1(X). If f ∗(j) = i ∈ I, then

(πjf)−1Yj = (Efj · πi)−1Yj = π−1
i Xi,

and the left-hand side becomes

Efj · πiξ(z) = Efj · E(πi|π−1
i
Xi
) · ⟨π−1

i Xi⟩(z) by (6.12)
= E(fjπi|π−1

i
Xi
) · ⟨π−1

i Xi⟩(z),

which equals the right-hand side. If f ∗(j) = ∗, then (πjf)−1Yj = ∅, and so the
only thing ⟨(πjf)−1Yj⟩(z) can be is ∗.

Altogether, our results give:

Theorem 6.4.10. The category SetE♯1 is equivalent to the category whose objects
are products of nonempty sets with a basepoint adjoined and whose morphisms
are those described in Proposition 6.4.9.

Note how this is similar to the situation with K in Section 6.3. Crucially,
however, SetE♯1 is not a product completion of SetE. Not only this, but there is
no functor SetE → SetE♯1 over Set. Indeed, suppose G were such a functor. Let
X = {x, y, z} be an E-algebra with basepoint z, and f : X → X be the unique
E-algebra map sending x to y and y to z. Since |X| is prime, the set X has a
unique-up-to-isomorphism E♯1-algebra structure, isomorphic to the E♯1-algebra
E2 of Proposition 6.4.4. For f : GX → GX to be an E♯1-algebra map, it must fix
the new basepoint, which must then be z. But f is not constant at z, nor of the
form Ef ′ for some function f ′ : {x, y} → {x, y}, so it cannot satisfy the conditions
of Proposition 6.4.9.
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Index of diagram labels

(∗) interchange law (p. 14)

(_.a) associativity axiom of a monad (p. 25)
(_.l) left unitality axiom of a monad
(_.r) right unitality axiom of a monad

(_.µ) multiplication axiom of a (co)lax monad functor or map (p. 25)
(_.η) unit axiom of a (co)lax monad functor or map

(_.µ_) multiplication axiom of a distributive law (p. 29)
(_.η_) unit axiom of a distributive law

(_.µw_) weak multiplication axiom of a π-weak distributive law (p. 93)
(_.ηw_) weak unit axiom of a π-weak distributive law

(ν) definition of ν : s(g♯1) → g♯s (p. 87)
(σ) definition of σ : s→ s̃t (p. 99)
(τ) definition of τ : t→ s̃t (p. 99)
(δ) definition of δ : ts→ st (p. 108)
(ξ) definition of ξ : s̃t→ g♯s (p. 109)

(a) condition of Theorem 5.3.2 (p. 101)
(b) condition of Theorem 5.3.2 (p. 101)
(c) condition of Theorem 5.3.4 (p. 106)
(d) condition of Theorem 5.3.4 (p. 106)

149



150



Bibliography

[1] J. Adámek, F. Borceux, S. Lack, and J. Rosický. A classification of accessible
categories. Journal of Pure and Applied Algebra, 175(1-3):7–30, 2002.

[2] J. Adámek, S. Milius, L. Sousa, and T. Wißmann. On finitary functors.
Theory and Applications of Categories, 34(35):1134–1164, 2019.

[3] J. Adámek and L. Sousa. D-ultrafilters and their monads. Advances in
Mathematics, 377:107486, 2021.

[4] T. Altenkirch, J. Chapman, and T. Uustalu. Monads need not be endofunc-
tors. Logical Methods in Computer Science, 11(1):1–40, 2015.

[5] H. Appelgate and M. Tierney. Iterated cotriples. In Reports of the Midwest
Category Seminar IV, volume 137 of Lecture Notes in Mathematics, pages
56–99. Springer, 1970.

[6] N. Arkor and D. McDermott. The formal theory of relative monads. Journal
of Pure and Applied Algebra, 228(9):107676, 2024.

[7] T. Avery. Codensity and the Giry monad. Journal of Pure and Applied
Algebra, 220(3):1229–1251, 2016.

[8] T. Avery and T. Leinster. Isbell conjugacy and the reflexive completion.
Theory and Applications of Categories, 36(12):306–347, 2021.

[9] M. Barr and C. Wells. Toposes, Triples and Theories, volume 278. Springer,
New York, 1985.

[10] J. Beck. Distributive laws. In Seminar on Triples and Categorical Homology
Theory, number 80 in Lecture Notes in Mathematics, pages 119–140, 1969.

[11] J. Beck. The tripleableness theorem. Reprints in Theory and Applications
of Categories, (31):1–11, 2024. Original from 1968.

[12] J. Bénabou. Introduction to bicategories. In Reports of the Midwest Category
Seminar, volume 47 of Lecture Notes in Mathematics, pages 1–77, 1967.

[13] J. Bénabou. Les distributeurs. Séminaires de Mathématiques Pure, 33, 1973.

[14] G. Böhm. The weak theory of monads. Advances in Mathematics, 225(1):1–
32, 2010.

151



[15] F. Borceux. Handbook of Categorical Algebra. Encyclopedia of Mathematics
and its Applications. Cambridge University Press, 1994.

[16] A. Day. Filter monads, continuous lattices and closure systems. Canadian
Journal of Mathematics, 27(1):50–59, 1975.

[17] B. J. Day. Density presentations of functors. Bulletin of the Australian
Mathematical Society, 16(3):427–448, 1977.

[18] B. J. Day and S. Lack. Limits of small functors. Journal of Pure and Applied
Algebra, 210(3):651–663, 2007.

[19] B. Devlin. Codensity, compactness and ultrafilters. PhD thesis, University
of Edinburgh, 2016.

[20] I. Di Liberti. Codensity: Isbell duality, pro-objects, compactness and acces-
sibility. Journal of Pure and Applied Algebra, 224(10):106379, 2020.

[21] Y. Diers. Multimonads and multimonadic categories. Journal of Pure and
Applied Algebra, 17(1):153–170, 1980.

[22] Y. Diers. Complétions monadiques de quelques catégories sans produit. Ren-
diconti di Matematica (Serie VII), 1(4):659–669, 1981.

[23] Y. Diers. Some spectra relative to functors. Journal of Pure and Applied
Algebra, 22(1):57–74, 1981.

[24] A. Doña Mateo. Pushforward monads. Theory and Applications of Cate-
gories, 44(30):927–963, 2025.

[25] G. Epstein. The lattice theory of Post algebras. Transactions of the American
Mathematical Society, 95(2):300–317, 1960.

[26] E. Faro and G. M. Kelly. On the canonical algebraic structure of a category.
Journal of Pure and Applied Algebra, 154:159–176, 2000.

[27] T. Frayne, A. C. Morel, and D. S. Scott. Reduced direct products. Funda-
menta Mathematicae, 51(3):195–228, 1962.

[28] R. Garner. The Vietoris monad and weak distributive laws. Applied Cate-
gorical Structures, 28(2):339–354, 2019.

[29] S. Givant. Universal Horn classes categorical or free in power. Annals of
Mathematical Logic, 15(1):1–53, 1978.

[30] D. Hofmann, G. J. Seal, and W. Tholen, editors. Monoidal Topology: A Cat-
egorical Approach to Order, Metric, and Topology. Encyclopedia of Mathe-
matics and its Applications. Cambridge University Press, 2014.

[31] P. Johnstone. Stone Spaces. Cambridge University Press, 1982.

[32] P. Karazeris and J. Velebil. Dense morphisms of monads. Theory and Ap-
plications of Categories, 18(14):372–399, 2007.

152



[33] G. M. Kelly. Basic Concepts of Enriched Category Theory. Number 64 in
Lecture Notes in Mathematics. Cambridge University Press, 1982. Reprinted
in Reprints in Theory and Applications of Categories.

[34] G. M. Kelly and S. Lack. On property-like structures. Theory and Applica-
tions of Categories, 3(9):213–250, 1997.

[35] G. M. Kelly and V. Schmitt. Notes on enriched categories with colimits of
some class. Theory and Applications of Categories, 14(17):399–423, 2005.

[36] J. F. Kennison. Triples and compact sheaf representation. Journal of Pure
and Applied Algebra, 20(1):13–38, 1981.

[37] J. F. Kennison and D. Gildenhuys. Equational completion, model induced
triples and pro-objects. Journal of Pure and Applied Algebra, 1(4):317–346,
1971.

[38] S. Lack. On the monadicity of finitary monads. Journal of Pure and Applied
Algebra, 140(1):65–73, 1999.

[39] S. Lack. Towards Higher Categories, chapter A 2-categories companion,
pages 105–191. Springer, 2010.

[40] S. Lack and J. Rosický. Notions of Lawvere theory. Applied Categorical
Structures, 19:363–391, 2011.

[41] S. Lack and R. Street. The formal theory of monads II. Journal of Pure and
Applied Algebra, 175(1):243–265, 2002. Special Volume celebrating the 70th
birthday of Professor Max Kelly.

[42] F. W. Lawvere. Functorial Semantics of Algebraic Theories. PhD thesis,
Columbia University, 1963. Reprinted in Reprints in Theory and Applications
of Categories.

[43] F. W. Lawvere. Metric spaces, generalized logic, and closed categories.
Rendiconti del Seminario Matématico e Fisico di Milano, 43:135–166, 1973.
Reprinted in Reprints in Theory and Applications of Categories.

[44] T. Leinster. Basic Bicategories. arXiv preprint arXiv:9810017, 1998.

[45] T. Leinster. Codensity and the ultrafilter monad. Theory and Applications
of Categories, 28(13):332–370, 2013.

[46] F. E. J. Linton. Coequalizers in categories of algebras. In Seminar on
Triples and Categorical Homology Theory, number 80 in Lecture Notes in
Mathematics, pages 75–90, 1969.

[47] F. Lucatelli Nunes and L. Sousa. On lax epimorphisms and the associated
factorization. Journal of Pure and Applied Algebra, 226(12):107–126, 2022.

[48] S. Mac Lane. Categories for the Working Mathematician, volume 5 of Grad-
uate Texts in Mathematics. Springer, second edition, 1998.

153



[49] S. Mac Lane and I. Moerdijk. Sheaves in Geometry and Logic. Springer,
1992.

[50] E. Manes. A triple theoretic construction of compact algebras. In Seminar
on Triples and Categorical Homology Theory, number 80 in Lecture Notes
in Mathematics, pages 91–118, 1969.

[51] E. Manes and P. Mulry. Monad compositions I: general constructions and re-
cursive distributive laws. Theory and Applications of Categories, 18(7):172–
208, 2007.

[52] R. McKenzie and M. Valeriote. A characterization of decidable locally finite
varieties. In Proceedings of the International Conference on Algebra honoring
A. Malcev, volume 131 of Contemporary Mathematics Series, pages 169–185,
1992.

[53] F. L. Nunes, R. Prezado, and L. Sousa. Cauchy completeness, lax epimor-
phisms and effective descent for split fibrations. Bulletin of the Belgian
Mathematical Society - Simon Stevin, 30(1):130–139, 2023.

[54] J. Rosický. Are Banach spaces monadic? Communications in Algebra,
50(1):268–274, 2022.

[55] Z. Shirazi. Commutativity and Kleisli laws for codensity monads of prob-
ability measures. Theory and Applications of Categories, 45(14):461–500,
2026.

[56] L. Silver. Noncommutative localizations and applications. Journal of Alge-
bra, 7(1):44–76, 1967.

[57] A. Sipos, . Codensity and Stone spaces. Mathematica Slovaca, 68(1):57–70,
2018.

[58] R. Street. The formal theory of monads. Journal of Pure and Applied Algebra,
2(2):149–168, 1972.

[59] R. Street. Absolute colimits in enriched categories. Cahiers de Topologie et
Géométrie Différentielle, 24(4):377–379, 1983.

[60] U. Tarantino and J. Wrigley. Ultracategories via Kan extensions of relative
monads. arXiv preprint arXiv:2506.09788, 2025.

[61] W. Tholen. Pro-categories and multiadjoint functors. Canadian Journal of
Mathematics, 36(1):144–155, 1984.

[62] R. Van Belle. Probability monads as codensity monads. Theory and Appli-
cations of Categories, 38(21):811–842, 2022.

[63] H. Wolff. Distributive laws and lifting of triples. Communications in Algebra,
5(9):981–996, 1977.

[64] R. J. Wood. Abstract proarrows I. Cahiers de topologie et géométrie dif-
férentielle catégoriques, 23(3):279–290, 1982.

154


	Abstract
	Lay Summary
	Introduction
	Cauchy density
	Pushforward monads

	Background
	Some 2-category theory
	Extensions and (co)density
	The formal theory of monads
	Monads in CAT and on Set

	Cauchy density
	Cauchy dense functors
	Between large categories

	Fully faithful Cauchy dense functors
	Special cases
	When V0 is a preorder
	Between preorders
	Between monoids in V
	Connected components
	Split-full Cauchy dense functors


	Pushforward monads
	Pushforward monads
	Colax monad functors and g-determined monads
	Pushforwards in CAT
	Existence
	An adjunction between categories of monads
	Limit completions and codensity


	Distributive laws and pushforwards
	Pushforwards and distributive laws
	The weak theory of monads
	Weak composite monads
	Pushforwards and weak distributive laws

	Examples of pushforward monads
	Pushforwards from FinSet to Set
	Distributive laws under the ultrafilter monad
	The rank of pushforwards

	Pushforwards from FinFam to Fam
	Codensity monads of the category of fields
	Pushing forward along a monad

	Index of diagram labels
	Bibliography

